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Abstract: A topological space G

Luong Quoc Tuyen?, Ong Van Tuyen®", Tran Le Thuong®

is called a rectifiable space if there is a homeomorphism
9.:GxG—>GxG and an element ecG such that 7, 0¢p=7x, and for every xeG we have
o(X,X) =(x,e), where z,:GxG—>G is the projection to the first coordinate. Then, ¢ is called a

rectification on G and e is a right unit element of G . Recently, rectifiable spaces have been studied by
many authors who have put many open questions that have yet to be answered. In this article, we give « -
Fréchet-Urysohn properties in rectifiable spaces. These findings are used to generalize a result in [8].

Key words: Rectifiable space; x -Fréchet-Urysohn space; strongly « -Fréchet-Urysohn space; first-

countable space; compact subset.

1. Introduction

In 1987, M. M. Choban introduced rectifiable
spaces and give some of their properties ([1]). Since
then, rectifiable spaces have been studied by many other
authors (see [3, 4, 5]).

In this article, we give
properties in rectifiable spaces:

x -Fréchet-Urysohn

(1) If every compact subset of a rectifiable space
G is x -Fréchet-Urysohn, then every compact subset
of G isstrongly x -Fréchet-Urysohn.

(2) The product of a x -Fréchet-Urysohn
rectifiable space G with a first-countable space M is
strongly x -Fréchet-Urysohn.

With these results, we extend a result in [8].
Throughout this article, all spaces are T, and ¥
denotes the set of all natural numbers.

2.Theoretical bases and research methods

2.1. Theoretical bases
Lemma 1.1 ([1]). A topological space G is
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rectifiable if and only if there exist e G and two
continuous maps pP:GxG—>G, q:GxG—->G,
such that for any X € G, y € G the next identities hold:

p(x.a(xy))=a(xp(xy))=y

and g(x,x)=e.

Remark 1.2 ([1]). Let G be a rectifiable space and
x € G, we have

p(x.€) = p(x,q(x, X)) = x.

Moreover, we sometimes write XYy instead of
p(x,y) for any x,yeG and AB instead of
p(AB) forany A BcG.

Lemma 1.3 ([4]). Let G be a rectifiable space.
Fixed a point xeG, then f,,g,:G—G defined

with f (y)=p(x,y) and g,(y)=q(x,y), for each
y € G, are homeomorphism, respectively.

Lemma 1.4 ([6]). Let G be a rectifiable space,
AcG and U be an open set in G. Then, p(A,U)
and q(A,U) are open subsets in G.

Lemma 1.5 ([6]). Let G be a rectifiable space and
X € G. Then, the following statements hold.
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(1) If U is an open neighborhood of X, then there

exists an open neighborhood V of e in G such that
XV cU;

(2) If U is an open neighborhood of e in G, then
XU is an open neighborhood of X, and there exists an
open neighborhood V of e in Gsuch that

g(xVv,x)cU.

Definition 1.6 ([7]). A space X is x -Fréchet-
Urysohn at a point X € X if for each open set U of X

with xeU, there is a sequence {x,:ne¥}cU
converging to X. A space X is x -Fréchet-Urysohn if
it is « -Fréchet-Urysohn at each point of X.

Definition 1.7 ([7]). A space X is strongly «-
Fréchet-Urysohn at a point xe X if for each

decreasing open family {On:ne¥} of X with

xe| O,, thereare x, €O, ne¥, coverging to X.
ne¥

A space X is strongly x -Fréchet-Urysohn if it is
strongly x -Fréchet-Urysohn at each point of X.

Remark 1.8 ([7]). Every strongly « -Fréchet-
Urysohn space is « -Fréchet-Urysohn.

Lemma 1.9 ([8]). If G is a x -Fréchet-Urysohn
rectifiable space, then it is strongly x -Fréchet-
Urysohn.

Lemma 1.10 ([3]). If G is a rectifiable space, then
G isregular.

Lemma 1.11 ([2]). If U
UnA=UnNA for every Ac X.

2.2. Research methods

We used theoretical research methods in the course
of conducting this study. We also carried out a literature
review to pave the way for finding new results.

is open in X, then

3.Results and evaluation

3.1. Results

Theorem 1.1. If every compact subset of a
rectifiable space G is x -Fréchet-Urysohn, then every
compact subset of G is strongly x -Fréchet-Urysohn.

Proof. Let A be a compact subset of G . Then A
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is closed and x -Fréchet-Urysohn by the assumption
and Lemma 1.10. Now, we prove that A is strongly x -

Fréchet-Urysohn. Indeed, suppose that {A, :ne¥} be
a decreasing sequence of open subsets of A with

ael EA. Then,

ne¥
—A
*Case 1. If a¢ A\{a} , then the set {a} is open

—A
in A. Moreover, since ac A, forevery ne¥ , it
implies that ae A, for every ne¥ . Hence, the
sequence {a,} with a,=aeA, for every ne¥

converges to a. Thus, A
Urysohn.

is strongly x -Fréchet-

A
* Case 2. If aeA\{a} , then since the set

A\{a} is open in A and A is x -Fréchet-Urysohn,
there exists a sequence {a, } = A\{a} convergingto a.
Foreach ne ¥ , we put
B=q(a,A), B,=q(a,A))
and b, =q(a.a,).
Since A is closed in G and
B=q(a,A)=g,(A) with g, is a homeomorphism

by Lemma 1.3, the set B
Moreover,

1) We have
e=q(a,a)eq(a,§)cq(a,Aj):B_ncgzB by
the continuity of the mapping q(a..), b, € B\{e} for

is also closed in G.

each N ¥ and the sequence {b,} convergesto €.

(2) There is a sequence {V,:ne¥} of open
neighborhoods of e such that b, ¢ p(Vn,Vn) for each
ne¥ . Indeed, since G is T -space and e=b, for
every ne¥ , there is an open neighborhood U, of e
such that b, €U for every ne¥ . Furthermore, since
p(e,e)=e and p is continuous, for each open
of e,

neighborhood U, there exist two open
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neighborhoods W, W/ of e such that
p(Wn,Wn')cUn. Now, for each ne¥ , if we put
V,=W_1 W', then V_ isan open neighborhood of e
and p(V,,V,)<U,. Itimplies that b, & p(V,,V,) for
every ne¥ .

3) Let C,=p(b,,B,1V,) for every ne¥ .

Then, for each ne¥,

eeB I V,cB |V, =B IV, by Lemma 11l

Moreover, for each ne¥ , we have b, €C, and

eeC_n . Indeed, for every ne¥ , it follows from the
continuity of the mapping p(a,.) that
b, = p(b,.¢)e p(b,.B, 1V,)

<p(b,.B,1V,)=C,.
Next, since b, & p(V,.V,) for every ne¥ , we

have
bV, | p(Vn WV, )Vn =.

Moreover, since V, < p(V,.V,)V, for every
ne¥ ,itimplies that
bV,1V,=J.
On the other hand, since V. I C, <V, | bV, for
every ne¥ , we have
V,I C,=0.
Hence, eec_n forevery ne ¥ .

Now, we put
D=UC, and S={e}U{b, :ne¥}.

ne¥

n’=n

Then, DcnleJ¥ p(b,.B,)<= p(S,B)=SB.

In the following we shall verify that the subset
SB of G isclosed and x -Fréchet-Urysohn. Clearly, S
is compact. Moreover, since A is compact and
B=q(a,A)=0,(A) with g, is a homeomorphism

by Lemma 1.3, B is also compact. Therefore, S xB is

compact. Furthermore, since p is continuous,

p(S,B) =SB is compact. Thus, SB is closed and « -

Fréchet-Urysohn by our assumption.

Since D=D= UC,=UC, b eC, forevery

ne¥ ne¥
ne¥ and the sequence {b,} convergesto e, we have
eeDcSB=SB. By the property of «-Fréchet-
Urysohn of SB and D is open in SB, there is a
sequence L={c, :ke¥} =D converging to €. On

the other hand, since eeéC_n for every ne¥ , the set

{ne¥ :L1 C, =} isinfinitely. Thus, we can put
{ne¥:LIC =} ={n:ie¥}.
Hence, for each ne¥ , there exists k, €¥ such

that ¢, € C, . Moreover, it follows from
Cy Cbk" B, = p(bkn ,q(a,Akn ))

that ¢, = p(bkn ,q(a,xn)) for some x, € A , for each

ne¥ . Then, by Lemma 1.1, we have

a(ax,)=a(b,. p(b,.a(ax,)))=a(b.c,)
It is clear that q(a,x,)—>e by b, —>e, ¢, —>e and
the continuity of the mapping ( . Lastly, since

x,=p(a.q(a,x,)), itimplies that x, — a.

Therefore, A is strongly « -Fréchet-Urysohn.

Theorem 1.2. The product of a «x-Fréchet-
Urysohn rectifiable space G with a first-countable
space M isstrongly «-Fréchet-Urysohn.

Proof. Take any decreasing sequence {A, :me¥}
of non-empty open sets in GxM and any point
(x,y)e | KCGXM . Then, since M is a first-

me¥

countable space, we can choose {U,:ne¥} as a
decreasing countable neighborhood base at y in M
such that U, open for each ne¥ . Now, for each
ne¥, if we put
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B,=x[(GxU,)I A ],
where 7,:GxM — G is the projection to the first
coordinate, then XeB_n for each ne¥ . In fact, since

(x,y)eGxU,, GxU, isopenand 7, is continuous,
by Lemma 1.11, we have

x:ﬁl(X,Y)Eﬁl[(GXUn)l K]
[T T]
S [CTAINY

Cﬂ'l[(GXUn)| A1:|:B_n
Moreover, it follows U ,, cU_ for each ne¥
that B

since G, U, and A, are open, so B, is open. Thus,

c B, for each ne¥ . On the other hand,

n+1

{Bn} is a decreasing sequence of open sets in G . Next,
because G is strongly x -Fréchet-Urysohn by Lemma
1.9, there exists a sequence {b,:ne¥} such that
{b,:ne¥} converges to x and b, B, for each
ne¥ . For every ne¥ , choose c, €U, such that
(b,,c,)(GxU, )1 A,.

Now, we will prove that (b,,c,)—>(X,y). Indeed,
let V be a neighborhood of y in M. Then, since
{U, :ne¥} is a countable neighborhood base at y in
M, there exists n,e¥: yeU, <V . Moreover,
since {Un 'n e¥} is a decreasing sequence, we have

¢, eU,cU, <V forevery n=n,.

Thus, the sequence {C,} convergesto Y.

Lastly, since b, =X, ¢, — Yy, it implies that

(b,,c,)—>(x,y). Hence, GxM s strongly « -

n!'>n
Fréchet-Urysohn.

By means of Remark 1.8 and Theorem 1.2, we
obtained the following corollary.

Corollary 1.3 ([8]). The product of a x -Fréchet-
Urysohn rectifiable space G with a first-countable
space M is x -Fréchet-Urysohn.

3.2. Evaluation

We give x -Fréchet-Urysohn properties in
rectifiable spaces and they are shown in Theorem 1.1,
Theorem 1.2.

4.Conclusion

In this article, we give x -Fréchet-Urysohn
properties in rectifiable spaces. With these findings, we
extend to a result in [8].
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TINH CHAT x —FRECHET-URYSOHN TRONG KHONG GIAN CAU TRUONG PUQC

Toém tat: Khong gian t6pd G duoc goi la khdng gian cau trwong dwoc néu tdn tai mot phép ddng phéi ¢:GxG —> G xG va

mot phan tir e e G sao cho 7,090 =r,, vavéimbi xeG taco ¢(x x)=(x,e), trong dé 7, :GxG —G la phép chiéu I&n toa do
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thir nhat. Khi d6, phép ddng phoi ¢ dwgc goi la mét phép cdu truong trén G va e goi la phan ti don vi phai cia G. Gan day,
khéng gian cau trwong duoc da duwoc nghién ciu bdi nhiéu tac gid va ho da dat ra nhiéu cau héi mé ma dén nay van chwa co 10i
gidi dap. Trong bai b&o nay, ching t6i dwa ra cac tinh chét & -Fréchet-Urysohn trong khéng gian cau trwéng dwgc. Nhe nhivng két qua
nay, ching t&i mé rong moét két qua trong [8].

Tir khéa: Khong gian cau trweng dwoc; khong gian « -Fréchet-Urysohn; khéng gian x -Fréchet-Urysohn manh; khéng gian
théa man tién d& dém dwoc th( nhét; tap con compact.
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