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Abstract: Aring R is called idempotent-semiprime (briefly, idem-semiprime) if for any a € R,aea =0
for all idempotent e € | (R) , implies @=0, The class of idem-semiprime rings is a proper subclass of
semiprime rings. This new class includes domains, reduced rings, and Von Neumann regular rings. In

this article, we investigate the usual ring theoretic constructions of idempotent-semiprime rings.
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1. Introduction

In this note, we consider only nonzero (associative)
rings with identity. The set of all idempotent elements
ofaring R isdenoted by I(R).

In noncommutative rings, prime and semiprime
rings are the important classes of rings. Their definitions
are given as follows: an ideal P of a ring R is called
prime if for any a,beR,aRbc P implies aeP or
beP, and semiprime if for any aeR,aRacP
implies aeP . Further, aring R is (semi)prime if is a
(semi)prime ideal in R.

Our starting definition is obtained by formally
replacing the whole ring in the above definitions, by ,
the set of all idempotents of . Thus, an ideal P of a ring
R is idempotent-prime (briefly, idem-prime) if for any ,
for any idempotent of R, implies aeP or be P, and,
idempotent-semiprime (briefly, idem-semiprime) if for
any for any idempotent of R, implies .

Recall that an ideal P is completely prime if for
any implies aeP or beP. Since , every completely
prime ideal is idem-prime, that is, for ideals:

completely-prime idem-prime prime.
In a commutative ring, every prime ideal is
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completely prime and also is idem-prime.
A ring R is idem-(semi)prime if is an idem-
(semi)prime ideal of R .

The main goal of this article is to investigate the
class of idem-semiprime rings.

Reduced rings and VVon Neumann regular rings are
idem-semiprime. We have the follow chart

prime
£ b
domain = idem-prime semiprme
E &

idem-semiprime

It is easy to see that in special cases, these new
definitions coincide with the old ones. Example, a
commutative ring is idem-prime iff it is prime iff it is an
integral domain, and, is idem-semiprime iff it is
semiprime iff it is reduced.

In Sec. 2, Ring theoretic constructions (i.e.,
product, quotients, polynomial rings) are studied,
separating the matrix extensions in Section Three.

2. Ring theory constructions

By definition, a ring is an idem-semiprime iff for
any for any , implies . By denial, a ring is an idem-
semiprime ring iff for any , there is an idempotent with .
Since for , the condition if obviously, the condition must
be verified only for nonzero zero-square elements: is
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unit-semiprime iff for every with, there is an idempotent
with.

Since intersection of idem-semprime ideals is an
idem-semiprime ideal, we immediately obtain:

Proposition 1. The set of all idem-semprime ideals
of a ring, ordered by inclusion, form a complete lattice.

Proof. For an arbitrary family of idem-semiprime
ideals. The is the intersection . For an arbitrary subset
of, consider is an idem-semiprime ideal in }. So and it is
the smallest idem-semiprime ideal of R includes . So
that the is

Proposition 2. A product of rings is idem-
semiprime iff each component is idem-semiprime.

Proof. We only need to prove this for two rings .
Suppose RxS is idem-semiprime anh let so that and .
Since and is idem-semiprime, there are and such that .

Conversely, assume and . Further, suppose. Since is
idem-semiprime and , there is an idempotent with. Thus,

Theorem 3. Let be a ring homomorphism. Then

(a) If is an idem-semiprime ideal of and then f (P)
is idem-semiprime in .

(b) If is an idem-semiprime ideal of and then is
idem-semiprime in R.

Proof.

(a) For any, for any idempotent . There is . Since is
an idempotent in , for any idempotent . Hence,

(b) For any, for any idempotent. Since, for any
idempotent , there is an idempotent such that. So that, .
Since P is idem - semiprime.

Remark. For any ring homomorphism , we always
have. To have the best possible correspondence between
idem-semiprime ideals we need equality. For example,
if denotes the canonical projection, the corresponding
equality amount to lifting of idempotents modulo A.

Definition. Let be an ideal of ring . We say that
idempotents lift modulo in case every idempotent , there
is an idempotent such that.

Corollary 4. Let be an ideal of a ring such that
idempotents lift modulo . An ideal of the quotient ring is
idem-semiprime iff it has the form with an idem-
semiprime ideal of which includes.

Proof. If is an ideal of the ring, where P is an
idem-semiprime ideal of which includes, and is the
canonical projection. Because , just apply Theorem 3(a)
to , we have is an idem-semiprime ideal in . Conversely,
if is an idem-semiprime ideal in , there is an ideal of
such that. Because idempotents lift modulo 1, , apply
Theorem 3(b) to, we have is an idem-semiprime ideal in.

Corollary 5. Let be an ideal of a ring. If idempotents
lift modulo then the factor ring is an idem-semiprime ring
iff ideal is an idem-semiprime ideal of R .

Proof. From the Corollary 4.

Clearly, proving results on idem-semiprime
polynomial rings depends on what extent we know the
invertible polynomials. An easy example is: for any
integral domain, the polynomial ring is idem-semiprime.

Because of commutative rings, idem-semiprime,
semiprime and reduction are equivalent conditions, we
obtain at once (see (10.18) in [4]).

Theorem 6. Let be a set of variables which commute
with one another as well as with elements of a ring . Then
the polynomial ring is idem-prime (resp., idem-
semiprime) iff R is idem-prime (resp., idem-semiprime).

3. Matrix rings

Since the rings of triangular matrices are not even
semiprime, the ring of triangular matrices over any ring
is not idem-semiprime.

Theorem 7. Matrix rings over idem-semiprime
rings are idem-semiprime.

Proof. The proof will be by induction on . The case
being trivial. For , suppose that is idem-semiprime and
take with is an row, is an column and , such that A=0
and. We go into several cases.

Case 1.

Case 1.1. and. Here with nonzero column, assume.
We use the row with all entries zero excepting the -th
entry which we denote by and the idempotent matrix.
Since we obtain

<-lo o), ol o

Ly

0 O 0 0
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Therefore, if we can take and if, since is idem-
semiprime, there is an idempotent such that , and we can
take . In both case , as desired.

Case 1.2. and. Since, there is an idempotent with
and for the idempotent matrix , we get

r-lo oo oo ]

0 ped
= P =0,
0 ded
Case 1.3. By induction hypothesis, there is an

idempotent matrix such that . Then for the idempotent
matrix , we obtain

-0 oo ol'o

MVM MV g
= #0,.
0 0

Case 2. , say. Now we use the column with all
entries zero excepting the -th entry denoted. Then, we
take the idempotent matrix , we get

ol o ol

_|Moa Mop
N adsa asd |

Therefore, if we can take and if , since is idem-
semiprime, there is an idempotent such that , and we can
take . In both case, so .

Proposition 8. For any division ring D and
positive integer , the matrix ring is idem-semiprime.

Corollary 9. A ring is semisimple iff it is idem-
semiprime and left Artinian.

Proof. If R is semisimple, by Wedderburn-Artin
theorem, R is isomorphic to a product of finitely matrix
rings over division rings. By proposition 2 and
proposition 8, matrix rings over division rings is idem-
semiprime. So R is idem-semiprime. The converse is
(10.24) in [4].

Proposition 10. Von Neumann regular rings are
idem-semiprime.

Proof. For any with. Because R R is regular, there
exists an element with. It implies and. Choose, and
compute

aea = a[xa +xax (1- xa)]a = axa?

+axax(1—-xa)a = ax(a—xaz): axa =a =0.

4.Connections

In this section, we connect the idem-semiprime
rings with some other well-known classes of rings.

Proposition 11. A ring is domain if and only if R
is idem-prime and idempotents commute with nilpotent
elements.

Proof. The conditions are clearly necessary.
Conversely, assume that is an idem-prime ring and
idempotents commute with nilpotent elements. Let with
Then for all We have, so that bra commutes with
idempotents. Let and for all Hence and so that, . Since is
idem-prime, R also is prime, so for all By hypothesis, it
implies or , and R is a domain.

Proposition 12. A ring R is reduced if and only if
R is idem-semiprime and idempotents commute with
nilpotent elements.

Proof. The conditions are clearly necessary.
Conversely, assume is an idem-semiprime and
idempotents commute with nilpotent elements. Let.
Then a commute with idempotents and since R is
idem-semiprime, for all idempotent It implies , and so
R is reduced.
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VE VANH LUY PANG - NUA NGUYEN TO

Tom tat: Mot vanh R dwoc goi la luj dang-nira nguyén té néu véi moi a € R,aea = 0 véi moi luy déng e cia R, thi suy ra
a=0. L&p vanh luj ding - ntra nguyén té Ia mét mé rong thuc sw cla I6p vanh niva nguyén td. Cac vanh gon, mién, vanh chinh
quy Von Neumann déu la céc vanh luy déng - nira nguyén t. Trong bai béo nay, chung t6i dwa ra mét s két qua ctia vanh luj dang
- ntra nguyén tb.

Tt khéa: vanh luj d&ng - nlra nguyén t6; vanh nira nguyén tb; vanh chinh quy Von Neumann.



