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1. D4t van deé

MIEN HOI TU CUA CHUOI HAM LOY THU'A VO1 HE SO HO'U Ti
Nguyén Thi Ha Phuong®”, Phan Dirc Tuan®

Tém tat: Cong thirc Taylor cho phép ta khai trién mét ham kha vi vo han 1an thanh mét chudi ham Iy
thtra. Nguoc lai chinh 1a bai toan tinh tdng cta mét chudi ham ldy thira. Trwdc khi tinh tdng ctia mét
chubi ham ldly thira ta phai di tim mién héi tu ctia né vi trén mién hoi tu 4y tdng clia chudi ham méi tén
tai. Tlr d6, dan dén bai toan di tim ban kinh hdi tu ctia chudi ham Ity thia.

Ta biét, néu uy, : av, khi n dan dén vo cung thi hai chudi ham Ity thira véi hé sb 1a uy,, v, S8 ¢o
cung ban kinh héi tu. Diéu nay cho phép ta xac dinh céac I&p chudi ham Iy thira c6 cling ban kinh héi tu
théng qua viéc so sanh hé sé cla ching khi n dan dén vo cung. Trong [5], cac tac gid da chon ham Idy
thira ax® lam dai lwgng trung gian trong viéc so sanh cac dai lwgng vo cing bé khi x dan dén 0. Trong
bai bao nay chang ti chon hé sb u, =1/n® 1am chun dé xac dinh I&p cac chudi ham Ity thira c6 cing
ban kinh hoi tu v&i chudi ham Idy thira nhan u, 1am hé sb. Sau do, chung téi chi ra trong I&p nay chudi
ham Idy thira v&i hé sé hvu tf ¢ cung mién hdi tu véi chudi ham Iy thiva nhan uy, 1am hé sé.

Tir khéa: chudi ham; chudi ham Ity thira; ban kinh hdi tu; mién hdi tu; tiéu chuén so sanh; khai trién Taylor.
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va thu duoc két qua Ia (xem [3]):
) iNéu @ >1 thi A=[-11].
ii.Néu 0<a <1 thi A=[-11).
iii.Néu o <0 thi A=(-11).

Sau do, chiing t6i di tim trong s cAc chudi ham Iity thira
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thoa man diéu kién

ua] _
N—o0 ]/n (8)

chudi ham nao cé mién hoi ty tring vai chudi ham liy
thira (6). Trong bai bao nay ching ti chitng minh chudi
ham liy thira véi hé so hiru ti (9) néu thoa mén diéu kién
(8) s& c6 mién hoi tu tring voi chudi ham lity thira (6).

2.Chudi ham lily thira v&i hé sé hiru ti

Chung t6i bat dau tir chudi ham liiy thira ¢6 dang

z pon +p1 Ly +pk )
n= anOn +ql + +qm
trong do, k,me¥; Pi,0j € (i:O,_k; j:O,_m);

Po %0, Gy #0 V& gon"™ + ™ +...4+qp, >0, ¥n=n,.
Do sy hoi ty, phan ki cua hai chudi sé
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1a nhu nhau nén khéng maét tinh téng quét ta gia st
Do = 0y =1. Nghia 14, chudi ham liiy thira (9) duoc viét

lai dudi dang
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Dinh nghia 2.1. Chudi ham (10) duoc goi la chugi
ham Iy thira v6i hé s6 hifu ti va s6 o =m—k duoc goi la
dg léch béc cua chudi ham liy thira véi hé s6 hitu ti (10).

DPinh 1i 2.2. Cho « la dé léch bdc cia chugi ham
liy thira voi hé s hiru t7 (10). Khi dé, mién hgi tu cua
hai chudi ham (10) va (6) la tring nhau. Nghia la:

i. Néu o >1 thi mién hgi tu cua chudi ham (10) la
[-11].

ii. Néu O0<a <1 thi mién hgi tu cua chugi ham
(10) 1a [-L2).

iii. Néu <0 thi mién hgi tu cia chugi ham (10)
la (-11).
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pé chitng minh Pinh 1i 2.2, ta di chtng minh mat
sb bd dé sau:

Bé dé 2.3. Cho B, (X) la da thirc bdc k c6 dang

R.(X) = x* + pxX* L +..+p,, (11)

trong ds, ke¥, p ei (i=1Kk). Khidé

= lim Pk (X) =1.
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Chirng minh. Sir dung quy tic bo vé cing Ién bac
thap, ta c6

lim Pk(x+1) _ lim (x+k1)

lim Xx+1 +1 1
x>0 B (X) x>0 X x40\ X '
Tuong tu, ta ciing thu dugc dang thic tha 2 cia (12).
Bé dé 2.4. Cho P (X) la da thirc c6 dang (11). Khi

do, tontai s6 ny € ¥ sao cho:

B (x) >0, Vx=nj.
Chirng minh. Néu k =0 thi
Po(x):x0 =1>0, Vxej.
Néu k > 0thi tir

lim B (X) =+

X—>+20
suy ra ton tai n, € ¥ sao cho B, (x) >0, Vx>n,.

Bé dé 2.5. Cho P, (X), Q,(X) la cdc da thirc cb
dang (11). Khi dé, néu m>k thi ton tai ny e¥ sao
cho ham B, (X)/Qy (X) giam vdi moi x = n;.

Cheing minh. bat
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Do B (x), Qn(x) 1a cac da thirc nén A(x) ciling 1a

f(x) =

mot da thirc ¢d hang tr bac cao nhat 1a (k —m)x™*2,

Voi mke¥ va m>k nén m+k—-1>0. Theo Bd dé

24, thi tén tai sb n ¥ sao cho da thuc
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(k-m)A(X) >0, ¥x>n,suy ra, A(x)<0, ¥x>n. Chon
Np=max{S+1 n},véi S={xej :Q,(x)=0}. Ta cb
f'(x) <0, ¥x>n, Do d6, ham f giam véi moi x > ng.
Bo dé 2.6 ([1]). Véi moi ny € ¢ ., chudi sé duwong
> 3
n=nq n
héi tu khi va chi khi « >1.
Chitng minh Pinh 1i 2.2. Ap dung B dé 2.3, ta suy
ra ban kinh hoi tu cia chudi ham lity thira (10) 1a R =1.
Khi x=R =1, ta xét su hoi tu cua chudi s6
zm = Zvn. (14)
n=1 Qm (I’l) n=1
Theo B6 dé 2.4 thi ton tai n, € ¥ sao cho chudi sb

Sy, (15)

n=n,
1a chudi sb dwong. Do d0, ta s& khao sat sy hoi tu cua
chudi sé duong (15) bang cach so sanh vai chudi sé
duong (13).

Khi x=-R =-1, taxét sy hoi tu caa chudi sb

L S A S T 16

é( ) ) Zl( )"V, (16)
Tir (15), ta suy ra chudi sé

DD, (17)

1a chudi dan dAu.
i. Néu o >1.Theo B6 dé2.3,taco
" . B n"
lim —"— = lim k(k) =1 (18)

n—ol/n? noo 0 Qp(n)

Ap dung tiéu chuén so sanh 2 (tiéu chudn xét sy hoi
tu cta chudi sé dwong [4]) va B dé 2.6, ta thu dugc
chudi sé duong (15) hdi tu. Suy ra, chudi s6 (14) ciing
hoi tu.

Mit khac, ta c6

nén chudi sb (17) hoi tu tuyét déi. Suy ra, chudi sé (16)
hoi tu.

Nhu vay, mién hoi tu caa chudi ham lity thira (10)
la [-1;1].

ii. Neu 0<a <1. Str dung tiéu chuin so sanh nhu
(i) ta thu dugc chudi sb (14) phan ky.

Ta xét sy hoi tu cua chudi s6 (16). Tir B6 dé 2.5, ta
suy raton tai n, ¥ sao cho ddy {v,} giam khi n>n,

Mt khéc, sir dung quy tic bo vo cung 16n bac thap
taco

. . B(n _nk .1
limv, = tim 2 i i L,
n—o n—oQ,(n) noonp™ nown?

Theo tiéu chuan Leibnitz, ta suy ra chudi dan diu

D (D", (0, =max{ng,n})

n=n,
hoi tu. Tir d6, suy ra chudi s6 (16) hoi tu. Nhu vay, mién
hoi tu caa chudi ham lity thura (10) la [-1;1).

iii. Néu ¢ <0. Taco

1 khi a=0,
lim (2", ={ L

nN—oo

+oo khi a<0.

Do d6, (+1)"v, 0 khi n —oo nén theo diéu kién
can ta suy ra cac chudi s6 (14), (16) phan ky. Vay mién
hoi tu ctia chudi ham lity thira (10) 1a (-1;1).

Pinh 1i 2.2 da dugc ching minh.

Vi dg 2.7. Tim mién hoi ty cua cac chudi ham liy
thira sau:

0 2_

Zn4 3n < (19)
T N +6

S N+4

> ——x" (20)
~'n“+n

Chudi ham (19) la chudi ham vaéi hé sb hitu ti co do
léch bac o =2 nén theo Binh Ii 2.2, ta suy ra mién hoi
la [-1,1]. Tuong tw chudi ham (20) c6 do léch bac
a =1 nén suy ra mién hoi tu 1a [-1,1).
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Nhgn xét 2.8. Qua Vi du 2.7, ta nhan thy ring viéc
tim mién hoi tu cua chudi ham lity thira véi hé sb hitu ti
chi 12 viéc x4c dinh do léch bac.

3. Quy vé chudi ham liy thira v&i hé sé hivu ti

a. Bién dbi so cap

Khéng c¢6 phuong phap chung dé quy mot chudi
ham vé chudi ham liiy thira véi hé sb hiru ti. Tuy nhién,
trong mot s truong hop cu thé ta cd thé bién ddi so cap
dé quy vé chudi ham lity thira v6i hé s6 hitu ti va nho d6
suy ra mién hoi tu mot cach nhanh chéng. Sau déy 1a
maot sb vi du minh hoa:

Vi du 3.1. Tim mién hoi tu cua cac chudi ham sau:

23”(n+2) . 21
“on?-3n '
> n? +5n— 7

. 22
nZS”(n +1) @)

Chudi ham (21) duoc viét lai dudi dang

o0

302 (g, 23)

4= 2n? -3n
Pit X =3x, khi d6 chudi ham (23) 1a chudi ham
lity thira v6i hé s6 hitu ti c6 do léch bac o =1. Ap dung
Dinh 1y 2.2, ta thu dugc mién hoi tu cua chudi ham (23)
theo X 1a [-11). Do do, ta suy ra mién hoi tu cua

chudi ham (21) theo x la [-1/31/3).
Tuong tu, chudi ham (22) duoc viét lai dudi dang
0 2 _ n
Zn +25n 7(5j . (24)
~ n“+1 \5

Dit X = x/5, ta thu duoc chudi ham lity thira vé6i hé
s6 hitu ti c6 do léch bac a =0. Theo Dinh li 2.2, ta suy
mién hoi tu cua chudi ham (24) theo X 1a (-1,1). Nhu
vay, mién hoi tu ciia chudi ham (22) theo x 1a (-5,5).

Vi du 3.2. Tim mién hoi tu cua cac chudi ham sau:

© (_1)n+1n2 .
nzzl (n®+3)x"’ (29)
in ~7n* +3X2n (26)

5 3
o N +9n° -1
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Chudi ham (25) duoc viét lai dudi dang

R -

3
='n°+3

Dit X =-1/x, khi d6 (27) la chudi ham lity thira véi
hé s hitu ti c6 d6 léch bac o =1 nén suy ra mién hoi tu
ctia chudi ham (27) theo X la [-1,1). Do do, ta suy ra
mién hoi tu cua chudi ham (25) theo x 1a (=0, ~1) U[1, +0).

Chudi ham (26) dugc viét lai dudi dang
2 n®-7n*+3
. (28)
Z n°+9n® - 1( )
Pat X =x? >0, khi d6 (28) 1a chudi ham liiy thira
v6i hé sb hitu ti c6 do léch bac a=-1. Két hop véi
diéu kién X >0 ta suy ra mién hoi tu caa chudi ham

(28) theo X la [0,1). Do do6, ta co mién hoi tu cua
chudi ham (26) theo x l1a (-1,1).

b. Trwong hop riéng

Trong chung minh Pinh Ii 2.2, khi 0<a <1, nho
BS @& 2.5 ta chi ra diy {v,} la day giam. D6 1a mot
trong hai diéu kién dé suy ra chudi dan dau (16) hoi ty.
Trong truong hop tong quat néu ddy {u,} thoa man
diéu kién (8) thi khong suy ra day {|u, [} 1a day giam.

That vay, ta xét chudi sé sau

Z Z( 1)n( D" +«/_ 29)

n=2 n=2

o e 1) Vo,

Tuy nhién, day {|u, [} khong la ddy giam. Vi néu
nguoc lai thi theo tiéu chuan Leibnitz chudi dan dau
(29) hoi ty, trong khi chudi (29) phan Ki.

Trong trudng hop riéng « & (0,1] thi ménh dé sau
cho ta két qua twong tu Dinh 1i 2.2.

Ménh dé 3.3. Gia sir ddy {u,} théa man diéu kién
(8). Khi d6
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i. Néu o >1 thi mién héi tu cua chudi ham liy
thira (7) 1a [-1,1].

ii.Néu a<0 thi mién hgi tu cua chudi ham Liy
thira (7) 1a (-1,2).

Ching minh. Tir diéu kién (8), suy ra ban kinh hoi
tu cua chudi ham lity thira (7) bang véi chudi ham liy
thira (6) va bang 1. Khi x=+R =1, ta xét sy hoi tu
cac chudi sb sau:

i(ﬂ)”un (30)
=1

i. Néu a>1 thi két hop giira (8) va tiéu chuan so
sénh 2 (tiéu chuan xét sy hoi tu cua chudi sb dwong [4]),
ta suy ra chudi s6 duong

3y,
n=1

hoi tu. Do dé, cac chudi sb (30) 1a hoi tu tuyét déi. Vay
mién hoi tu ciia chudi ham iy thira (7) 1a [-1,1].

o0

=Z|un|’

n=1

ii. Néu <0 thi tir (8), ta cd |u,|+0 khi n—oo,

Do d6, (+1)"u, -0 khi n—oo nén theo diéu kién can
suy ra cac chudi sé (30) phan ki. Vay mién hoi tu cua
chudi ham lily thira (7) 13 (~1,1).

Vi du 3.4. Tim mién hoi tu cua cac chudi ham sau:

5 (31)
“~ n°+n
—n+inn
X", (32)
§2+\/ﬁ
Taco
Jan+3 1

lim ——=2.
e n?an 3
Theo Ménh d& 3.3, ta suy ra mién hoi tu cua chudi
ham ldy thua (31) 1a [-1,1].
Tuong tu, tr
lim n+|nni_1
n—o 2+\/ﬁ \/H '
Ta suy ra mién hoi tu cia chudi ham lity thira (32)
la (-1,2).

Nhan xét 3.5. Trong Vi du 3.4, néu &p dung quy tic
bo vO cung 16n bac thip thi ta c6 thé xem chudi ham
(31), (32) nhu I cac chudi ham iy thira véi hé s6 hitu ti
¢6 d6 léch bac twonging la @ =3/2, a =-1/2.

4.Két luan

Bai bao d phat trién y tuong chon ham liiy thira dé
lam dai lugng trung gian trong viéc so sanh cac dai
lwong vo cing bé trong [5] bang viéc chon chudi ham
lity thira (6) lam chudi ham trung gian trong viéc tim
mién hoi tu cua chudi ham. Bai bao d3 dwa ra mot cach
tiép can mai khi tim mién hoi tu cia chudi ham lily thira
d6 1a so sénh véi chudi ham trung gian (6). Nho do, ma
mién hoi tu caa chudi ham lity thira voi hé s6 hitu ti dugc
xac dinh théng qua viéc tim d6 léch bac «. Bén canh do
bai béo ciing dd dwa ra phuong phap quy mot chudi ham
lity thira vé chudi ham lity thira vai hé sb hitu ti. Qua do,
tim ra mién hoi tu cia nd mot cach nhanh chéng.

Trong bai bao nay ching t6i chua dua ra két qua
cho céc chudi ham thoa man diéu kién (8) véi
a €(0,1]. Pay la mot van d& mo ma ching toi s& tiép
tuc nghién ciu trong thoi gian dén.
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CONVERGENCE DOMAINS OF POWER SERIES WITH RATIONAL COEFFICIENTS

Abstract: The Taylor's expansion enables us to expand an infinitely differentiable function into a power series. The opposite
problem is the summation of a power series. Before calculating the sum of a power series, we need to find its domain of convergence
because only on that domain does the sum of the series exist. This leads to the problem of finding the radius of convergence of the
power series.

We know that if u,: av, when N tends to infinity, two power series with coefficients u,,v, will have the same radius of
convergence. This allows us to identify which types of power series have the same radius of convergence by comparing their
coefficients as n tends to infinity. In [5], the authors chose the power function ax® as an intermediary in comparing the extremely
small quantities when x tends to result in zero. In this article, we choose the coefficient up, :1/n“ as a standard to determine the
types of power series that have the same radius of convergence with the series with factor u,,. Then we go on to indicate that in this

class, the power series with rational coefficients have the same domain of convergence with the power series with factor u, .

Key words: series; power series; radius of convergence; domain of convergence; comparison tests; Taylor's expansion.

38



