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PHU'O'NG PHAP NEWTON SUY RONG
CHO PHU'O'NG TRINH KHONG LIEN TUC MOT BIEN

Pham Quy Muoi®", D6 Viét Lan?, Dwong Xuan Hiép?, Phan Blc Tuan? va Phan Quang Nhw Anh?

Tém tat: Trong bai bao nay chung t6i d& xuét phwong phap Newton suy rong dé& tim nghiém cho
phuwong trinh khong lién tuc. O day, ching téi chi trinh bay phwong phap cho phwong trinh khéng lién
tuc trong khong gian mot chidu ;. Trwéc hét, ching toi d& xuat cac ham nira tron xap xi cho cac ham
khéng tron twong (rng. Sau dé ching tdi chirng minh mét sé tinh chét co' ban, can thiét cho viéc ching
minh su hdi tu phwong phap Newton suy rong. Tiép theo, ching t6i trinh bay va ching minh sy hoi tu
cta phwong phap Newton suy rong cho phwong trinh khong lién tuc dwoc nghién trong bai bao nay.
Cubi cuing, ching toi trinh bay céac két qua nghiém sé cho mét vai vi du cu thé. Cac vi du sb chi ra réng
phuwong phap Newton suy rong cé tdc do hdi tu nhanh nhw phwong phap Newton cd dién.

T khéa: phwong phap Newton suy rong; phuong trinh khéng lién tuc; dao ham Newton; xép xi nira

tron; nghiém cda phwong trinh khong lién tuc.

1. Gidi thiéu
Trong bai bdo nay, ching tdi nghién ciru phuong
trinh khong tron trong [1, 2]:
1.,
X=Hy, (x——f (x)j ()
o s
hay

F(x)::x—Hm(x—%f’(x)j:O, (2)

S

trongdd H, :i — i dinhnghia boi:

0, |x|<\/z,
X, |x|2\/z.

O day, s>0 la mot sb thuc cho truéc va

H, ()=

f eCl(; ), tucla f 1amot ham kha vi lién tuc trén ;| .

Chl y rang cac ham H, va F khong lién tuc trén
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i viham H, khong lién tuc tai x=+/2 (xem Hinh
1). Vi thé cac phwong phap sé thong thuong nhu
phuong phap day cung, phuong phap Newton, tua
Newton,... khong thé &p dung duoc [3, 4, 5, 6].
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Hinh 1. (@) Po thi ham H,(x), (b) F(x) véi 1=0.01

Trong bai bio nay, ching toi dé xuat mot phuong
ph&p maéi dé tim nghiém cho phuong trinh (2) nhu sau:

- Truéc hét, cac ham H, va F (khéng lién tuc,
khong kha vi) dugc xap xi boi cac ham sé Pf va F,
tuong tng.

- Sau d6, chung ta thuc hién vong lap: Chon day
{340, X € vatinh
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1
n+1 n Fg’n (Xn) gn( n) ( )

Cht y rang, néu F 1 ham lién tuc Lipschitz thi (3)
chinh 1a vong ldp Newton tron hoa [3, 4, 5, 6]. O day,
ham s F dugc cho ¢ (2) 1a ham khong lién tuc nén két
qua cua ching t6i 1a mai va 1a mot sy mo rong cua cac
két qua trong [3, 4, 5, 6].

Dong gop chinh ctia bai bao 14 dua ra diéu kién cho
day {e,} va ching minh sy héi tu dia phuong cuia vong
1ap (3) cho phuong trinh (2) va xem xét mot vai vi du sb
cu thé minh hoa cho phwong phép.

B6 cuc ciia bai bdo nhu sau: Trong phan hai, ching
t6i dé xuét cac ham tron, twong tmg 1a xAp xi ciia cac
ham khéng tron H, va F . Sau do, chirng minh mot vai
tinh chat ciia cic ham x4p xi nay. Nhiing tinh chat nay
1a can thiét cho viéc ching minh sy hoi tu cua phuong
phap Newton suy rong duoc trinh bay & phan tiép theo.
Phén ba, chung t6i trinh bay phuong phap Newton suy
rong cho phuong trinh (3) va chiing minh sy hoi tu cua
n6. Cudi cung, ching t6i trinh bay cac két qua sé cho
mot s6 vi du cu thé.

2.Xap xi ntra tron cho ham khéng tron

Truéc hét, ching ta trinh bay mot tinh chit quan
trong cho nghiém x* cua phuong trinh (2). Tinh chét
nay duoc phat biéu trong bd dé sau:

B6 d& 2.1. Cho feCY) va s>0. Vsi mai

X € néu F(X)=0 thi mgr trong hai truong hop
sau xay ra:
(1) x" =0.
@ x> /2_"‘.
S

Ching minh. Gia sir ‘x*‘< /2_0: Ta s& chung
s
minh x" =0. That vay, tr F(x") =0 taco

H,, (x*—lf'(x*)j < /2—“.
S S S

*
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Gia sir rang > ’2—05 Khi d6
s

> /2—0‘
S

2a
< /—
S

-1t (X"
S

Ha, [x* —% f’(x*)J‘ =

S

XL (X
S

Mau thuan nay cho ta

X -2 (x)
S

Llc nay
* * 1 2 *
X =H,, | x —=f'(x)|=0.
o s
Tiép theo chung t6i dwa ra mot phuong phap x4p xi
cac ham sb khong lién tuc H, va F bai cac ham sb
Pf va F, la cac ham sb lién tuc va kha vi Newton
(xem Hinh 2).

That vy, ta dinh nghia cac ham s6 P; va F, nhu sau

_ max{0;4-x%} G2 (%)
PP(x)=xe ¢ =4 7 :
0 { e

Fg(x):x—P{a[x—%f’(x)j,

S

A-x?

trong d6 G; (x) = xe ¢
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Hinh 2. (@) D6 thi ham Pf (x) va (b) o thi ham F,(x)
Véi 1 =0.01, £=0,0005 va f(x)=|x]|
Trong phan tiép theo chling ta s& chi ra ring cac ham
P¢ va F, la cac ham nia tron. Dé thuan tién cho ngudi
doc, chiing t6i nhéc lai khai niém ham nira tron ¢ day.
DPinh nghia 2.1. Cho U 1a mot tap mo cia D <

vda f 1a mot anh xa xac dinh trén D. Anh xa
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f:U —; duoc goi la kha vi Newton tai xeU néu + Néu x| >+/2 thi véi moi h+0 di bé, ta co
ton tai anh xa F:U —L(D,; ) sao cho |x0+h|>ﬁ.Khidé

i L) = 00— F(x+h)h|
h—0 [h|

0 (4) P (o +h) =P (%) = (P (xo +h))"h

=[x, +h—x,—1h|=0.

trong d6 L (D, ) la tap cac phiém ham tuyén tinh lién

tuctr D vao | . Do d6
Khi d6 F duoc goi 12 mot dao ham Newton cua f | Py (% +h) = P7 (%) = (P{ (% +h))"h| h:’)OO.
tai X. |hl
Pinh nghia 2.2. Cho U la mot tap con mé cua + Néu x| <24 thi véi moi h#0 du bé, ta cb

Dc; va f lamotéanh xa xac dinh trén D . Anh xa X +h|<\/z Khi do
0 .

f:U—>; duoc goi la kha vi Newton trén U néu ton

tai anh xa F:U —L(D,; ) sao chovsi mdi xeU , Py (X +h) =P (x) = (Py (%o + h))'-h‘
i LEOCE) = FOO—F(x+h| _ - = |G (X +h) = G7 (%)~ (G} (%))"h
"0 Il +(G5 ) 'h= (G 0+ )"
Khi d6 ham s6 f duoc goi 1a ham Newton nira tron G (% +h)— G (%)) (Gg(xo))’h‘
A\0 22 —\M2

+|(G5 () = (65 (xg + ).

<

va F dugc goi la mot dao ham Newton cua f trén U .

B6 dé2.2. Vsi £>0 va f eC?(; ) taco:
Vi G5 (.) khaviliéntuctrén ; nén

G (% + 1) =G5 ()~ @1 0)'h|

(1) P{(x) va F,(x) lacac ham s lién tuc va khd vi
Newton trén | Vdi cdc dao ham Newton twong ung la

lim ,
(pr (o) =GO IxI< g "0 I
’ 1 IXEA va
- i [(G100))'h— (G5 (o + )N
CEXEEG) X< 7= Ao In
(F.() = . — (7) _
L, X, Jg = lim (G5 (x))"h—(G (g + )| =0.
Tu do, suy ra
_AXE %2
oday (G;(x))' =e ¢ [1+—J la dao ham cua ham lim | Py (X +h)—P; (%) —(Ps (%, +h))-h| 0
¢ hs0 Ih| '
AP 1., . .
s6 G va X, = X,(x) = =< f'(x). +Néu | X, |=/4 ti ta xét cac gioi han mot phia.
(2) Véi moi xe| taco Khi h—0" va |x+hl<y/4 thi
im PF (%)= H, (), i [PE0 +h) =P () = (P (g + ) |
£
lim F, (x) = F (x). 0 Ihl
o0 o 16506 +h) =G5 (%) = (GE (g +h)' ]
Chang minh. (1) V&i mdi X, € ta co cic trudng h—0" |h|
hop sau: =0.
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Khi h—0" va |x,+h[>+/2 thi

| P7 (% +0) =Py (%) = (P (% +h))"h|

lim
h—0* [h|
X +h—X%,—h
i Dot 7h
h—0* [h

Tuong ty ta cling chirng minh dugc

im LPE O M) =P (|xﬁ)| (RO th)'hl o
h—0"

Nhu vay ta co

,!"‘3' P? (X, +h)—P,f(|Xﬂ)|—(Pf(Xo +h)hl_ .

Vay Pj(x) kha vi Newton va (Pj (x))" duoc cho
bai (6). Theo cbng thuc dao ham Newton caa ham hop
[3], ta co:

F/(x) :1—(x—% f'(x)j (P{[x—% f’(x)jj

Ap dung két qua (6) ta c6 ngay két qua can ching minh.
(2) Néu | x[= /2 thi PE(x)=x=H,(x).

Néu | x|< 2 thi PZ(x)=GE(X).

Vi 2—-x%>0 nénkhi ¢ > 0" thi G(x) >0.
Nhu vay ta co gILT+ P/ (x)=H,(x),Vxe i .

Tur két qua trén ta co

. . ) 1.,
lim F.(x)= lim | x=P5, | x—=1f'(x)
0" 0" - S

=X—-H,, [x—lf’(x)j.
= S

S

Vay lim F.(x)=F(x).
£—0"

B6 dé 23. Néu 0<A<f"(x)<B,vxeU thi

Jgp >0 sao cho Vee(0;gy) ta lubn cd
O<m <R (x)|I<m,.

Chizng minh. Theo B dé 2.2, ta c6

22

1-X((GF (X)), [X] < \/%

2
IX,|> ?a

(F,(x) =
L0

Néu |X¢(x)|> sza thi (Fg(x))’ :%f”(x). Do d6
0<2<(F) <2
s s

Néu |Xs(x)|<g thi (Fg(x))r =1-X. ()M,

trong d6, M duoc dinh nghia bai:
(Xs (X))Zfzia
EEe— 2 2 .
M=e ¢ 1+=. (X ()" |- va
&

limM =0. Hon nita XS’(x):l—1 f"(x) bi chan nén
&0 S

Jgy >0 sao cho Ve €(0;5,) taco:

0<1<(F,(x) <2

bat m =min{1;é} va m, =max{2;E} ta luén
S S

co 0<m | F/(x)|I<m,

B6 @& 2.4. Cho x" 1a mét nghiém ciia phuong trinh (2).
Khi @6 3r>0 sao cho ¥xeB(x',r) va Ve>0 ta
lubn co

IF, 00 R 0) - FL00 e P

Chitng minh. Ve >0 vi F/(x") la dao ham cia F,

tai X nén
Iimng(X +h)—F,(x)-F/(x +h).h|=0
h—0 [h

Tudo suyra Ir >0 sao cho Vh e B(0;r)\{0}, taco

|F, (X" +h)—F,(xX")=F/(x +h).h| om
[hi 4

bat x=x"+h tacé xeB(x',r) va
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00— F ()= E/00.(¢ X*)I m, | x—X"| 3.Phwong phap Newton suy rong
- - X=X) |x ——. 5 s
¢ ¢ ¢ 4 Nhu di trinh bay & phan dit van dé, phuong phéap

B& dé 2.5. Cho X" 1a mat nghiém ciia phitong trinh  eWION SUY 1ong cho phuong trinh (2) nhu sau:

(2). Taco 1.Chon X, €} Va &, sao cho O<50§4m|x0—x*|.
* * C
F.(x)—F(x )‘gc.s,Vg>O.

2. Thyc hién budéc lap:

Chizng minh. Tacd F(x*)=0 nén 1
* * * 2'1 Tinh Xn+1 = Xn - r .an (Xn)
F.(X)-F(X)=F.(x) Fy (%)
max{o;z—a—xz(x*)} 2.2 Chon ¢4 sao cho
s Y7
o — & *
KX (x)e 0<ers <yt lha Xl @
+Néu x" =0 thi H,, (—1 f '(O)J =0.Suyra trong d6 m; 1a hang sé dugc xac dinh trong B6 dé 2.3.
= s
: Su hoi tu cua day {x,} duoc duara ¢ dinh |i sau:
1., 2a *
=) <,[— Pinh Ii 3.1. Cho X 1a mét nghiém cia phuon
s s i 9 phuong
trinh (2), X, € i la mgt so thuc tay y, va day (x,)
. 1., 2a
va [X(0)] = ‘—g f (0)‘ < \/?- dinh nghia boi vong 1ap X, = X“_F'tx)'Ffﬂ (%), ¥n=0L....
& \n
Do d6 . "
Néu x, @i gan x vaday {¢,} thoa man
X3(0)-22
m * _
|F.(0)-F(0)|=|-Xs(0)e ¢ 0<gn <y %=X | Vn=01...
thi day {x,} héi tu dén x" véi toc dg tuyén tinh.
8 - - 2 * 2 2 N
<|X5(0)|W=C£- Ching minh. Gia st X, di gan x dé Bo de 2.3
s Xs(0) dang. Khi do, ta co:
z * 20{ * 1 *
+ Né >/_ i Xpg — X | =X, ————.F, (X;)—X
Néu |X |_ s thi n+1 ‘ n Fg,n (Xn) gn( n)
H [x* 1f’(x*)j—x*;to 1
20| TS - : = AR ()X, =X ) =F, (X;)
S ! n n
S an (Xn) & n n & n
Dodé x =H x*—lf'(x*) —x*—lf'(x*) 1 « «
I S - S . == ' Fg,n (X)) (X —X )_an (Xn)+an (x)
S an (Xn)
Ping thuc nay chi xay ra khi f'(x’)=0. Diéu na « «
a?gtucnaycmayra i f'(x)=0.biéu nay CE ()4 E(X)
suy ra rang "
F.(xX)-F(x)=0-0=0, V& >0. 1 o o .
(X)) —F(Xx) € gm,an(xn)—an(x)—an(xn)(xn—x)
&y \n

Vay | F(X)—F(X") < c.e, Ve >0.
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1 . .
+m.‘F(x )-F, ()

&n

X, — X

1 m c
<. +—¢

m 4 m

n-

Vi O<gn£4ﬂ xn—x*‘ voi moi ne¥ , tasuy ra
c

X

X, —x*‘ v6i moi ne ¥. Bing phuong phép

* 1
1~ X ‘<E

quy nap, ta cé

« 1 | Bidu n3
X, — X ‘<2—n‘x0 - X ‘ iéu nay suy ra
rang day {x,} hoi tu dén x" vai tdc do tuyén tinh.

Cha y 3.1. Biéu kién (8) chi mang tinh i thuyét.
Trong thuc té, nghiém chinh xac 1a gia tri ma ching ta
muén tim nén khéng duogc biét.

Trong thuc hanh, ching ta c6 thé chon mot day
khong am tly y {,} sao cho téc do tién t6i khong cia
day nay nhanh hon tdc d6 tuyén tinh (chang han hoi tu
bac da thirc hodc bac mii) va gi tri ban dau &, du bé.

4. Mét vai vi du sé vé phwong phap Newton suy réng
Vi du 4.1. Cho

1
f(x) =x%;a =0,5;5 =100;3, = :
(x) %= 1007
F. (x
Thuc hién budc lap X,,q = X, ——0,” () .
Fa (Xn)

Sy hoi ty cua ddy {x,} duoc thé hién & Bang 1. D&
thiy nghiém ding & day 1a X" =0, va du ta ldy x, = 20
khaxa X~ thi ciing chi sau 3 budc lap x, da hoi tu vé X

Bang 1: Cac budc trong vong |8p Newton nifa tron suy rdng
cho Vidy 4.1 vdi & n=1/7100]*n , f(x)=x"2, a=1/2, s=100

Vi du 42. Cho f(x)=x*-8x*+4; a=0,01;

1
s=10; ¢, = :
%= Toon
F, (
Thuc hién busc lap X,.; = X, —ﬁ-
R ()

Su hoi tu cia ddy {x,} duoc thé hién & Bang 2. D&

thdy nghiém dung ¢ day 1a X =2 va x_ =-2, khi ta liy
Xo 9an voi nghiém nao thi x, s& hoi tu vé nghiém do.

Néu lay x, =3 thi x, —>2

Néu lay x, =—4 thi x, — -2

Bang 2: Cac buwéic trong wvang 18p Newton nita tron suy réng
cho Vi dy 4.2 v&i £_n=1/1100]*n , f{x)=x"4-8x"2+4, @=0,01, s=10

n X_h F F'

0 3 7] 9.2

1 2347826087 1.420235062 5.014744802
2 2.064614255 0.216893527 3.515158426
3 2.002911908 0.009338464 3.213987331
4 2.000006338 2.02813E-05 3.200030422
5 2 9.64038E-11 3.2

6 2 0 3.2

7 2 0 3.2

g 2 0 3.2

Bang 3: Cac burdc trong vong |&p Newton nira tron suy ring
cho Vidu 4.2 v&i £_n=1/1100]*n , f{x)=x"4-8x"2+4, &=0,01, 5=10

n X_n F F'

0 20 0.4 0.02

1 7.10543E-14 4,54377E-14 0.639478148
2 0 0 1

3 0 0 1

4 0 0 1

24

n %_n F F'

0 -4 -19.2 17.6

1 -2.909030909 -3.133087304 8.333371301

2 -2.302093579 -1.196752413 4.759561814

3 -2.050651858 -0.168295392 3.446207651

4 -2.001816904 -0.005822018 3.2087251

3 -2.000002471 -7.90599E-06 3.200011859

6 -2 -1.46496E-11 3.2

7 -2 0 3.2

3 -2 0 3.2
5.Keét luan

Trong bai bao nay, chdng téi nghién ctru bai toan
tim nghiém cua phuong trinh khong lién tuc mot bién,
Phuong trinh (1), xuét hién trong cac bai toan chinh héa
cho bai toan nguoc. Ching t6i da dé xuit mot ho céac
ham kha vi Newton, xap xi cho ham khong tron trong
Phuong trinh (1) va nghién cttu mét sé tinh chat co ban
cia ho ham nay. Trén co s do, chiung toi dé xuat
phuong phap Newton suy rong cho Phuong trinh (1) va
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chung minh sy héi tu dia phuong cua phuong phap nay.
Céc vi du s da chi ra, phuong phap Newton suy rong
rat hiéu qua, c6 toc do hoi tu nhanh nhu phuong phap
Newton cé dién cho phuong trinh tron.
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GENERALIZED NEWTON METHOD
FOR NON-CONTINUOUS ONE-VARIABLE EQUATIONS

Abstract: In this article, we put forward a generalized Newton method to find out the root of a non-continuous equation. Here we
only present this method for discontinuous equations in a one-way space. First of all, we propose approximate semi-smooth functions
for corresponding non-smooth functions. Then, we prove some basic properties that are necessary for the testification of the
convergence of the generalized Newton method. After that, we prove the convergence of this method in non-continuous equations
under study. Finally, we present the root findings for a number of specific examples. The numerical examples show that the
convergence speed of the generalized Newton method is as fast as that of the traditional Newton method.

Key words: generalized Newton method; non-continuous equation; Newton derivative; semi-smooth approximation; root of a

non-continuous equation.
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