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SU TON TAI CUA PHU'C DPO'N HINH CO CAC NHOM DONG DIEU DANG
CAU V&1 CAC NHOM ABEL H*U HAN SINH CHO TRU'OC
Lwong Qudc Tuyén®”, L& Thi Thu Nguyét?

Tém tat: Trong Vi du 2.40 trong [1], v&i méi nhdm cyclic hiru han, nguoi ta da tim dwogc mot CW
phtcsao cho nhém ddng didu p-chiéu la déng cAu véi né (khong gian Moore). D& tinh toan cac nhém
ddng didu ctia CW phirc nay, ngudi ta da st dung dong didu clia CW phirc va bac cia mét anh xa ti
mét cau S" I&n chinh né. Nhwng chung ta khéng biét khéng gian Moore ¢ 1a phirc don hinh hay khéng.
Muc dich ctia ching t6i la tim mét phirc don hinh sao cho cac nhém déng diéu clia néla cac nhém Abel
htu han sinh cho trwéc, & day ching tdi tinh toan trwc tiép nhém déng diéu 1-chiéu cta phirc don hinh
nay. Dau tién, véi méi nhém cyclic hivu han ching t6i xay dwng mét phirc don hinh va st dung phwong
phap twong tw trong [2] (§78) dé tinh toan nhém ddng diéu 1-chiéu cGa né. Nhém nay dang clu voi
nhom cyclic hiru han cho trwéc. Sau do, ching t6i xay dwng phirc don hinh khac va tinh toan nhém

ddng diéu p-chiéu ctia n6 dwa vao day Mayer - Vietoris trong [3](§25).

T khéa: CW phirc; phire don hinh; nhém cyclic; nhém déng didu; khong gian Moore.

1. Gi&i thiéu

Ta biét rang, mdi nhém cyclic hitu han, ton tai mot
CW phtic sao cho nhém ddng diéu p-chiéu la ding cu
v6i n6 (xem Vi du 2.40 trong[1]). Dé tinh toan cac
nhom ddng didu cua CW phire nay, ngudi ta da st dung
ddng didu cua CW phtic va bac cia mot anh xa tir mat

cau S"1én chinh né. Nhung chung ta khong biét khong
gian Moore cé la phiac don hinh hay khéng. Muc dich
cua chang téi 1a tim maot phac don hinh sao cho nhom
dong diéu 2-chiéu 1a mot nhém cyclic hitu han. G day
ching t6i tinh toan tryc tiép nhom dong dicu 2-chiéu
cua phtrc don hinh nay.

2.Co s& li thuyét va phwong phap nghién ctru
2.1. Co s& li thuyét

aTrwong Bai hoc Sw pham - Pai hoc Ba Ndng
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Gia st {ay,8,,...,a,} 12 hé doc lap Affine trong
i V. Khi do,

0={x=2tiai et 20,0t =1}
i=0

=1

i=0

duoc goi 1& mét don hinh n-chiéu sinh bgi
{392, 3.}

Giast K < . Khi d6, mot phize don hinh trong

K 13 ho gom cac don hinh trong | " thoa man cac diéu
kién sau:

(1) Néu ceK,5p o,thi seK.

(2 Néu o,8eK, thi hoic ond=< hoic
o Mo lamot mit chung cua cac don hinh o, 8.

Gia st K 1a mot phirc don hinh, A Ia tap tat ca
cdc p-don hinh dinh huéng trén K. Khi d6, néu A
khéc rong, thi mdi p-xich trén K 1a mot ham tur tap A
vao ¢ thoa min cac diéu kién sau:

(1) —¢(0)=c(c’) néu o,0" € A, déi dién nhau.
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(2) Ton tai tap A;, la tap con hiru han cua A, sao cho:
¢(c) =0 véimoi o e A\ Al
Ki higu C,(K)la tap tt ca cac p-xich. Khi do,
C, (K) 12 nhém Abel va dugc goi la nhdm cac p-xich.

Hat nhan caa dong cau
0,:C,(K)>C,(K)

duoc goi la nhdom cac p-chu trinh va dugc ki hiéu la
Z,(K), va anh ciia dong cau

8,1:C,(K)>C, (K)

p+1 :
dugc goi la nhém cac p-bién va dugc ki higu la B, (K).
2.2. Phuwong phap nghién ciru

Ching t6i st dung phwong phap nghién cau li
thuyét trong qua trinh thyuc hién bai bao; nghién ciru mot
sb tai liéu cua nhitng tac gia di truéc, bang cach twong
tu hoa dé dwa ra két qua cho bai béo.

3.Két qua va danh gia
3.1. Két qua
3.1.1. Binh Ii. Véi méi nhém cyclic hitu han cho truée,
ton tai mgt phire don hinh hitu hgnsao cho c6 nhém
dong dieu 1-chiéu dang cdu véi no.

Cheng minh. Ddi v6i mdi me¥ “sao chom>2, ta
goi M 1a phtrc don hinh dugc biéu dién boi da giac m-
canh (xem Hinh 1).

Dau tién ta quy cac 1-chu trinh vé 1-chu trinh dic
biét theo cach nhu sau:

Gia strc la 1-xich cho trudc, « la gia tri cia €
trén [0,u,]. Khi do, bang cach tinh toan tryc tiép, ta suy
ra rang:

¢, =c—0a(alo,u,u,])
la xich c6 gié tri 0 trén don hinh dinh huéng [0,u,].Nhu
vay, bang céch cai bién ¢ bai toan tir bién, ta c6 thé “day
[0, u,] ra khoi n6” va ¢ ddng didu véi €. Sau do,

twong tu nhu vay, ta “day [u,, u,]rakhei c,”.
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Hinh 1.

Giast £ lagiatricua C trén [u,, u,]. Khido,

¢, =¢, +0,(Blu, 1,,u,])
la xich c6 gia tri 0 trén don hinh dinh huéng [u;,u,].
Hon nita, vi [0,U,]khéng xuat hign trong biéu dién cua
d,([u,, 1;,u,]) va ¢, dong diéu véi C, nén C, ciing co
gia tri 0 téen [0,u;]. Do d6, ta c6 thé day
[o,u], [u,,u,] rakhei c.

Bing cach tuong tu, ta s dung céc donhinh dinh
huong [Iy,u, pl, [, p.al, [, u,] [0, & u,l
[u, a p] lan luot day [, ul [, pl [l dl
[u,, q], [u,, p]rakhoi c.

Tiép tuc qua trinh nay cho cc tam giac chira cac diém
l,, I3, ..., 1, tasuyrac dong diéu véi 1-xich d, maco

gi4 & trén mot phic con cua M duoc biéu dién ¢ Hinh 2.

Hinh 2.
Chl y rang phtic con nay khéng chira cac don hinh
[O, Ul], [0, UZ], e [0, um_l], nhung né chira don hinh

[0, up].

Bay gio, néu ¢ 1a mot chu trinh, thi d ciing 1a mot
chu trinh. Diéu nay suy ra rang gia tri cia d trén don
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hinh [0, u, ] phai bang 0. (vi néu nguoc lai, 0,d s& co
gid tri khac khong trén dinh 0.)

Ta thay rang, céac gi tri cia d trén cac don hinh
[z, 131, [Ug, 1], oo [Up Ty [y, 1] phai bang 0
(vi néu nguoc lai, 0,d c6 mot trong cac dinh
I, I,, ..., I, c6 gia tri khac khong).

Ta ciing thay rang céc gia tri cia d trén cac don
hinh [u;,al, [u,,a], ..., [u,,a]phai bang 0. (vi néu
nguoc lai, 0,d c6 mot trong cac dinh Uy,U,,...,U co
gié tri khac khong).

Do d6, v6i mdi 1-chu trinh caa M 1a dong diéu véi
1-chu trinh c6 gia tri ¢ trén bién cta da giac m-canh
(xem Hinh 1).

Bay gio, gia str rang:

d =afa, p]+ plp.al+y1g.a] (a, 8.7 € ¢).

Khi do,

od =a(p-a)+p(q-p)+y(@a-aq)
=(a-p)p+(B-7)a+(y—a)a

Mit khéc, vid 1a mot chu trinh nén

a=p=y.

Do d¢, d =fa, p]+a[p,q]+ «[q,a].

Ta x4c dinh mot anh xa @:¢ . — H,(M)duoc
cho bai

¢(a) =ala, pl+ alp,q]+afg,a] + B,(M),
va gia si{o,} 1a tap tat ca cac 2-don hinh dinh huéng
cia M (xem Hinh 1). Khi do,

0,(3 o) =m(la, p]+[p,q] +[a,al).

Hon nita, 4nh xa nay duoc xac dinh dung dén va né
la mot dong cau. Tir cac lap luan trén, ta suy ra rang @

la mot toan cau tir ¢ . 1&n H, (M).
Bay gio, ta chimg minh rang ¢ 1a mot don cau. That

vay, gia sur ae ¢ ., sao cho go(a) =B, (M). Khi do,

ala, p]+alp,ql+afg,a] € B (M).

Suy ra ton tai 2-xich e=»_ Bo; cia M sao cho

0, =ala, p]+alp,q]+alg,a].
Bai vi céc gia tri cua 0,€ trén cac 1-don hinh ma
khong nam trén bién cia da giac m-canh déu bang 0 nén
tacé 5 = B; voiméi i, j e{L,2,...,m}. Nhu vay,

9, = Am([a, p]+[p,a]+[q.a]).

Suy raa = A,m. Diéu nay kéo theoar =0 va ¢ la
maot don cAu.
Tur chitng minh trén ta suy ra rang
Hl(M) = ¢ m*

Cudi cung, ta thay rang, gia cia M 1a tap lién thong
nén nhom dong diéu rdt gon ﬁo 1a nhém tam thuong.
3.1.2. Pinh li. Véi mdi sé tw nhién m>2, ton tai mét
phitc don hinh hitu han ma c6 nhém dong diéu 2-chiéu

dang cdu véi ¢ .

Hinh 3.

Chung minh. Cho T la mot phitc don hinh dugc
biéu dién boi da dién 2m-mit sao cho mdi phan tur cua
no6 dugc biéu dign ¢ Hinh 3.

Twong tw Dinh Ii 3.1.1, ta c6 thé tinh tryc tiép
H,(T)=¢,.Bay gio, ta ding ddy khép Mayer-
Vietoris dé chimg minh diéu nay. That vay, gia se M Ia
phirc trong ching minh ctia Dinh 1i 3.1.1. Khi d6, M 1a
phtc con cua phire don hinh T gom tit ca cac don hinh
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nam trén mat phang ouU,. Gia st K;, K, Ian luot Ia
cac phtrc con cua phte don hinh T gdm tat ca cac don
hinh nam phia trén va phia duéi mat phang ouu,
twong tng. Khi do, ta cod
T=K, uUK,, M=K, nK,.
Boi vi K, K, 14 cac nén nén nhém dong diéu rat

gon cua chung déu tam thudng. Do dé, st dung day
khop Mayer-Vietoris

o> He(M) > Ho(K)® Hp(K,) > H o (T)
— Hps(M) > Hpa(K) @ Hpa(Ky)
S Hpa(M) >
ta duoc

Ho(M)=Hoa(M).
Nhu vay, H,(T)=H.(T) = H.(M) =¢ .
Chu y rang, ta ciing ¢
H,(T) = Fy(T) = Ho(M) =0
Ho(T) =0.

Hoan toan tuwong ty nhu ching minh Binh i 3.1.2,
bang céch str dung tich treo va day khop Mayer-Vietoris
(xem825 trang 142 trong [3]), ta thu dugc.

3.1.3. Dinh Ii. Vi méi sé tw nhien M= 2va véi méi
p=>1, ton tai mét phire don hinh hitu han T sao cho
voi moi q e ¢ \{0, p} tacd

H,(T)=¢,,Ho(T)=0,H,(T)=0.

3.1.4. B6 dé. Gid si K, L 1a hai phiic don hinh sao cho

gia cua ching roi nhau. Khi dé, véiméi p € ¥, taco
H (KUL)=H (K)®H,(L).
Chaing minh. Bai vi
C,(KuL)=C, (K)®C,(L)

nén ta co
Zp(K ul)= Zp(K)®Zp(L),
Bp(K ul)= Bp(K) @ Bp(L).
Hon nita, Vi
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B,(KuL)cZ,(KuL);
B, (K) = Z,(K);B,(L) = Z,(L)

nén ta thu duoc

H,(KuL)=H, (K)®H,(L).

3.1.5. B6 dé. ChoK, L 1a hai phixc don hinh ma c6
gia giao nhau la mgr dinh v chung cia mdi phite don
hinh. Khi dé, véiméi pe¥, taco

Ho(KuL)=H,(K)®H,(L).

Charng minh. Boi vi Hq({v}) 12 nhém tim thuong
v6i moi sb nguyén ( nén su dung ddy khop Mayer-
Vietoris

o Ho@) > Ho(K)@ H, (L)

S Hy(KuL) > Ho@vd) > Toa @)
S Hoa(K)OHpa(L) > Foa(KUL) >...
ta thu duoc
Ho(K)®Ho(L)=H,(KuL).

Ta biét raing mdi nhém Abel hitu han sinh dang cau
véi téng tryuc tiép caa cac nhém cyclic hitu han va nhém
cyclic vo han, nhom ddng diéu p-chiéu cua mot phic
don hinh bién cta don hinh (p+1)-chiéu ding ciu véi
nhém cyclic vd han. Do d6, nhd Pinh 1i 3.1.3, B6 dé
3.1.5 ta thu dugc cac dinh Ii sau.

3.1.6. Dinh li. Gia sir G la mgt nhém Abel hizu hgn
sinhva pe¥’ map>1. Khidé, on tai mét phitc don
hinh hizu hgn K sao chovéi moiq e ¢ \{p},tacod
H,(K)=G, Hq(K)=0.
3.1.7. Binh Ii. Cho G, G,, ..., G, 1a mgt ddy cac nhém
Abel hizu hgn sinh sao cho ton tai P, >0 théa méan
G, =0 véimoi p=p,.

Khi dé, ton tai mét phire don hinh hitu han K sao

cho ﬁp(K);Gpvdi moi pe¥’.

Str dung Pinh Ii 3.1.3 va B6 dé 3.1.5 ta thu duoc
két qua chinh nhu sau.
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3.1.8. Pinh Ii. Cho Gy, G, G,, ... 1a mét day gom
cac nhém Abel hizu hgn sinh sao cho G, ti do va ton

tai P, >0 théa mén
G, =0 véimoi p> p,.

Khi @6, ton tai mét phice don hinh hitu hgn L sao
cho ﬁp(L);Gpvéi moi pe¥.

Ching minh. Gia st K 1a mét phitc don hinh thoa
min cac diéu kién cua Dinh Ii 3.1.7 va r 1a s6 phan tir
c6 trong mét co sé ciaG,. Ta bd sung r—1dinh phan
biét vao K sao cho cac dinh nay khéng thuoc vao gia
cua K. Khi ¢, ta thu dugc phirc don hinh L can tim.

3.2. Panh gia

Céc nha toan hoc trén thé gisi van chua ching
minh duoc rang mdi CW phuc 1a mot phicc don hinh.
Do vay, trong bai bao nay, chung toi dua ra mot s6 két
qua méi: Pinh 1i 3.1.1, Dinh 1i 3.1.2, Pinh 1i 3.1.3, Dinh

li 3.1.6 va Binh Ii 3.1.7. Céc két qua nay tuong tu nhu
két qua lién quan dén CW phtc trong céc tai ligu dugc
dua ra trude day.

4.Két luan

Trong bai bao nay, ching t6i da tim dugc mot sb
phtic don hinh sao cho cdc nhom dong diéu cua né 1a
cac nhom Abel hitu han sinh cho truéc. Hon nira, ¢ day
chung toi tinh toan truc tiép nhém dong diéu 1-chiéu
cua phuc don hinh nay.
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EXISTENCE OF SIMPLICIAL COMPLEXS CONTAINING HOMOLOGY GROUPS
ISOMORPHIC TO GIVEN FINITELY GENERATED ABELIAN GROUPS

Abstract: In Example 2.40 in [1], for each finite cyclic group, a CW Complex has been found with its p-th homologygroup
isomorphic to itself (Moore Spaces). To calculate the homology groups of this CW complex, usage has been made of the homology of
CW Complexes and the degree of a mapping from the sphere S"into itself. But it is not known whether Moore spaces are Simplicial
Complexes or not. Our aim is to find a Simplicial Complex whose homology groups are isomorphic to finitely generated abelian
groups, where we are to directly compute the 1st homology group of this Simplicial Complex. First, for each finite cyclic group, we
construct a Simplicial Complex and use the similar method in [2] (§78) to compute its 1st homology group. This group is isomorphic to
the given finite cyclic group. Later, we construct the other Simplicial Complex and compute its p-th homology group based on Mayer -

Vietoris sequences in [3] (§25).

Key words: CW complex; simplicial complex; cyclic group; homologygroup; Moore space.
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