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LUAT MANH SO LON DOI VO1 DAY BIEN NGAU NHIEN BOC LAP
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Chap nhan ding:

28 - 06 —2017 . . R
http://jshe.ued.udn.vn/ Tém tat: Luat manh so Ién la mét trong nhivng dinh Ii gidi han quan trong dwoc st dung trong nhiéu linh

ve nhw thdng k&, Ii thuyét xac sut va cac linh vuc kinh té, bao hiém. Chéng han trong thdng ké, luat
manh sé 16n dwoc st dung d& wéc lwong ¢ mau, gid tri trung binh va phwong sai cla bién ngau
nhién,... Luat manh sé I&n déi véi day bién ngau nhién doc 1ap cé ki vong hiru han da dwoc nhiéu tac gia
trén thé gi6i quan tam nghién ctru. Dbi véi ddy bién ngau nhién doc 1ap cé ki vong vo han, Nakata [2] d&
dwa ra mot s két qua nghién ctru mai vé luat yéu sb Ién, con luan manh sé I6n chuwa dwoc nghién ciru.
Trong bai bao nay ching toi sé thiét lap luat manh sé Ién déi véi day bién ngiu nhién déc lap c6 ki vong
vo han.

Lé V&n Diing?, Nguyén Thj Hai Y&n®"

Tir khéa: luat manh sé 16n; bién ngau nhién; ddc 1ap; ki vong vé han; dinh Ii gi¢i han.

2.1. Co s& li thuyét
2.1.1. Dinh nghia [1, tr.202]

Day bién ngau nhién (X ;N >1) héi tu hdu chac

1. Gi¢i thiéu
Déi voi ddy bién ngau nhién (X ;n>1) doc lap

va c6 cing phan bé xac suat, néu c6 ki vong hiru han thi

luat manh s6 16n chi ra ring trung binh mAu chan (h.c.c) dén bién ngau nhién X khi N — oo néu:
- X X, X PloeQ:limX (o) =X(®)})=1. ()
X — n n—oo
n

Dé chung minh cac két qua vé hoi tu hau chéc chin

s& hoi tu hau chic chdn vé trung binh tong thé E(X,) ta thuong st dung dinh If sau.

khi N — oo. Trong truong hop ki vong vo han, kétqua  2.1.2. Djnh Ii [1, tr.206]

trén s& khong con dung nira. Piéu kién can va du dé day bién ngau nhién
Trong bai béo nay chung toi s& thiét 1ap luat manh (X,;n=1) hoity h.c.c dén bién ngau nhien X 1a véi

s6 l6n @i voi day bién ngau nhién doc 1ap (khong nhat

thiét c6 cung phén bd xac suat) co ki vong vo han. mei &>0
Trong bai bao nay chiing tdi gia thiét cac bién ngiu r|1im P(sup| X, — X [> &) =0. (2)
‘ —® >
nhién xac dinh trén khong gian xéac suat (Q, F , P) vsi ken
2.1.3. Binh i [1, tr.150]
P 1a do do du.

Cho (X,;n>1) Ia day bién ngau nhién doc lap,
2.Co s li thuyét va mt s ki higu c6 ki vong O va phuong sai hitu han. Khi d6 ton tai
hiang s6 duwong C khong phu thudc vao N sao cho:

n 2

2. X,

k=1
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<CY E(X{).
k=1
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2.1.4. Pinh nghia [3, tr.132-133]
Cho ddy bién ngiu nhien (X, ;n>1). Dt

n
S, = Z X, - Tanoi ddy bien ngau nhién tuan theo lugt
k=1
6 16n néu ton tai day s6 thuc (a,;n>1) vaday sb

duong (b,;n>1) tang ngdtravo han (b, T o) sao cho:

lim >~ =0 h.c.c. 3)

n—o

h
2.2. Mot sé ki hiéu

Véi hai ddy sd thuyc duong {a;n=>1} va
{b,;n>1}, ching t6i dua ra cac ki hicu a,=0(b,),
a,©b, theo thir tw cho cac khai niém:

a

lim—=0,
nN—o0
Loooan a
0 < liminf — <limsup —" < oo.
no B nso D

Ham chi tiéu cia tap A dugc dinh nghia:
1 khixeA

IA(X) = .

0 khixe¢A

Véi 0<a <1, xét bién ngiu nhien X thoa mén
diéu kién:

P(X[>x)©x* x>0 (4)

Khi d6, ap dung bét dang thic:

E(X )= P(X 2 n)

ta d& dang suy ra E(] X |) =o0. Hon nita, ta con c6 b6
dé sau.
B6 deé [2]
Cho bién ngdu nhién X théa man diéu kién (4). Khi
do ta co:
X O<a<l

E(IX | lyey) © 5
(1% ] ) {Iog(x) N

va

E(X?lgyey) © X véi 0<a <1 (6)

Pé thuan tién cho viéc trinh bay ching minh, ¢ day
ta sir dung hing s6 C khong nht thiét gidng nhau trong
mdi lan xuét hién.

3. Két qua

Pinh 1 3.1.

Cho O0<a <1, cho {X,;n>1} 1a day bién ngdu
nhién  déc  lgp  théa  man  dieu  kién
P( X, > X) © x ™ vsi moi k va

limsupsup x“P(| X, [> X) <co. Gia s# rang

X—>0 k>1

{a,;n=>1} va {b,;n>1} 1a hai day sé duong thoa

: S 19
mén diéu kien b, T cova Z—aZak“ <. Khi d@6
n=l Mp k=1

ta co:

rlli_r)[lbr:lzak (X —E(Xy Ly, je,15,3)) =0 h.c.c.

k=1
Hon nira, néutontai A€ sao cho:

n
. -1
M?o bn ZakE(Xk I{|Xk|£bn/ak}) =A
k=1

thi:

- l n

limb; ;akxk =Ah.c.c.

Chwng minh:

Véimdi n>1, k>1 dat X, = Xk|{|xk|sbn/ak}’

S, = br:lzak(xk - E(Xk|{|xk|sbn/ak}))'
k=1
' l n
Sn = bn zak(xk - Xnk)’
k=1

Sn = br:lzak(xnk - E(Xnk))
k=1

pé chiang minh S, — 0 (h.c.c) khi N —> o ta

chung minh S, —0(h.cc) va S, —0(h.cc) khi
N — oo.
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Véi & >0 bétiyy, taco:

P(supl S, [> £) < P(Gq 5, b e)]

k>n k=n

) o k
skZ;quk >e)<> D P(X;>b/a))

k=n j=1

I/\

i i — 0 khin— oo

k=n j=1
Suyra S, — 0 (h.c.c.) khi n — oo

Mit khac, ta cling co:

P(sUp|S; |> £) < P(Oq S; | s)J

k=n k=n

<Y P(S ) <> SE(S )

k=n k=n €
1&1 [|& ?
0 1 k
<= Z§Za E(X; —E(Xy))?
k=n Mk j=1
131
<S> 5>a E(XZI{IX ),
€ ¥=n bk j=1
Ceald (b )"
<=3 =-3"g%| X
gzkz_;‘bsz_;‘ '(aj]
C& 1L ]
S?Zb_a;a?_)o khi n — oo.

k=n My j
Suyra S, — 0 (h.c.c.) khi n — oo
Pinh i duoc chirng minh.

Vidu 3.2.

Tung mot dong xu can dbi dong chat cho dén khi
xuat hién mat sap thi dung lai. Néu ding lai & lan tung

thir | thi nguoi choi dugc nhan sb tién la 2! (ddng).
Ngudi choi tham gia trd choi N lan, goi X, 1a b tién

nguoi choi nhan dwgc & lan choi thir N. Khi do,

{X,;n>1} Ia day bién ngiu nhién doc lap co cung

phan bd xac suét:

va

P(X, =2‘)=ii,i =1,2,...
2
P( X, [»>X)©x*, x>0 (xem [2])
Xétday sé b =n’In(n) va a, =1/n,tacé
= 1 11
Z 2 Z_<°O
1 n°In(n) 5 k
Ap dung Pinh 1i 3.1 ta c6:

1
Z (X =By ooy ) =0

lim
N > In(n) = k
h.c.c.

Hé qua 3.3.
Cho O<a <1, cho {X,;n>1} 1a day bién ngdu

nhién dc \gp théa man diéu kién (4). Hon nira, gia sir
rang {a,;n>1} va {b,;n>1} 1a hai day sé dwong

. 201 <
thoa man diéu kién b, T oova Z—aZaS <00, Khi

n=l My k=1

do ta co:

limb; 1Zak =0h.c.c.

n—o

Chwng minh:
Do 0 < a <1, 4p dung biéu thic (5) ta co:

n
-1
b, Z a E(X, I{|Xk|sbn/ak})
k=1

n
-1
< bn Za‘kE(l Xk | |{|Xk|sbn/ak})
k=1

<Cb; 1Za (b ]H

k=1 ak

=Cb;*> a¢ >0 khin— .
k=1
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Vi vay, &p dung Dinh 1i 3.1, ta c6 diéu phai chimg minh.

4.Két luan

Pé thu duoc luat manh s6 lon chiing t6i da dua ra diéu
kién manh hon déi véi day {a,;n>1} va {b,;n >1}.

Hién nhién véi diéu kién nay ching ta ciing thu duoc
luat yéu sé 1on. Két qua nay c6 thé mo rong dbi véi day
bién ngau nhién phu thudéc khac nhe M - phu thuéc,
lien két am.
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STRONG LAWS OF LARGE NUMBERS FOR SEQUENCES OF INDEPENDENT RANDOM
VARIABLES WITH INFINITE MEAN

Abstract: The strong law of large numbers is one of the important limit theorems, which is used in a variety of fields including
statistics, probability theories, and areas of economics and insurance. For example, in statistics, the strong law of large numbers can
be used to optimize sample sizes, mean and variance of random variables. Strong laws of large numbers for sequences of
independent random variables with finite mean have been studied by many authors in the world. As regards sequences of
independent random variables with infinite mean, Nakata [2] established some new results of weak laws of large numbers, while
strong laws of large numbers have not been studied. In this article, we establish strong laws of large numbers for sequences of

independent random variables with infinite mean.

Key words: strong law of large numbers; random variable; independence; infinite mean; limit theorem.



