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Tém tat: Nhiéu van dé cla giai tich toan hoc dan dén bai toan tinh gi¢i han ham sb. Do dé, viéc tinh gidi
han ctia ham sé luén dwoc cac nha toan hoc quan tam. M6t bai toan tinh gi¢i han ham sb chi thuc sy
kho khan khi né c6 dang vé dinh. Trong sb cac dang vé dinh thi dang vé dinh 0/0 1a dang phd bién va

quan trong nhat vi hdu hét cac dang vé dinh khac déu cé thé chuyén thanh dang 0/0. Ban chét ctia dang
vo dinh 0/0 la so sanh hai dai lwgng vb cung bé. Trong bai bao nay, ching t6i da chon ham Iy thira lam
dai lwong vd cung bé trung gian. Tt d6, thay vi so sanh hai vd cung bé v&i nhau ta sé so sanh chiing véi
vd cuing bé trung gian trén. Do vay, ta d& chuyén bai toan so sanh hai vo ciing bé vé bai toan so séanh
hai ham Iu§ thira. Day la bai toan da cé & gidi nén ta c6 dwoc két qua cua bai toan ban dau.

T khoa: vo cling bé; vé cling bé twong dwong; so sanh vo cling bé; gidi han ham sé; khir dang vo

dinh; phwong phap tinh giéi han.

1. Datvande

Trong lich sir phat trién cua x& hoi loai nguoi, ¢6
mot giai doan con ngudi mang cac san pham minh lam
duoc ra cho dé ddi ldy cac san pham minh can théng
qua viéc thoa thuan trao d6i. Nhung dén mot lic ngudi
ta phat hién ra rang mot con lon ring khong thé ngang
biang vai ba chiéc cung no. Do d6, ngudi ta da trao ddi
cac san pham lao dong cua minh cho nhau thong qua
mot vat pham va c6 thé coi d6 1a nhirng ddng tién dau
tién. Mdi dan toc tu tim cho minh vat pham dé trao ddi
(xem nhu 1a tién) chidng han nhu & Cyc Béc ho chon
con ciru 1am vat pham trao d6i; & An Do vo trai tirng
duoc chon thay cho tién; nguoi Ai Cap cb dai da bat
dau dung tién xu kim loai dé trao d6i va nguoi Trung
Qudc da phat minh ra tién gidy dé sir dung.

Mot v tuong van dung quy luat trén caa cudc séng
vao khir dang v6 dinh 0/0 trong todn hoc nhu sau: Bai
toan khtr dang v6 dinh 0/0 chinh la bai todn so sanh hai
vb cung bé (VCB). Do viy, ta sé xem cac dai lugng
VCB nhu 1a cac san phiam lao dong. Theo quy luat trén
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ta can tim ra mot vat pham (mét loai ham) xem nhu 1a
tién va xay dung cach thirc dinh gia cac san pham lao
dong ay.

O bai bao nay, ching tdi chon ham lily thua ax”
xem nhu 13 “tién” va xdy dung cach thirc “dinh gid” cac
VCB thong qua céc cap VCB tuong duong co ban. Nho
do6, dé khir gigi han c6 dang vo dinh 0/0

I=lim——= 1)

ta “dinh gid” or(X) ~ ax”*, B(x) ~ bx*. Khi do, gi¢i han
(1) dua vé gi6i han (2) du6i day va thu dugc két qua

, 0, A>xk,
. ax
Izlmg—xz a/b, 1=x, )
x—0 QX
o, A<k

2. Mot s6 két qua lién quan

Dinh nghia 1 ([1, 2]).

i. Him a(x) duoc goi la vd cung bé néu
lim a(x) = 0. Ky hiéu la: VCB(X —> X, ).

X=Xy
dugc goi la vd cung Ion néu

lim f (x) =o0. Ky hiéu la: VCL(X — X,).

X—>Xg

ii. Him f
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iii. Cho a(x), A(x) la hai VCB(X — X,). Khi do,
a(X) duoc goi 1a twong dwong véi B(X) (ky hiéu
lAa(x)~ B(x)) néu xIerx1 a(X)/p(x)=1Lva a(x)
dugc goi la VCB bac cao hon A(X) (ky hiéu la
a(x)=o(B(x))) néu X'LT‘QO a(x)/p(x)=0.

Nhgn xét 1. Bang cach d6i bién t=Xx—Xx, khi
X, €i va t=1/x,khi
VCB(x —> X,) vé dang VCB(t — 0). Do 4o, trong bai
béao nay ta chi xét cac VCB(x — 0).

Xp=0c. Ta dua cac

Vidu 1.
i. Cacham ax”* (1>0), sinx, tan X 1a vCB(x - 0).

ii. Ta co Iirrgsin X/X =1, nénsuy ra sin X ~ X.
X—>

iii. Ta c6 Iirrg(l—cosx)/Zx:O, nén suy ra
X—>
(L—cosx) = o(2x).

Ménh dé 1 ([1, 2], “dinh gid” cac ham so cdp co
ban). Gia s n>k>0,a #0, ta c6 cac cap
VCB(x — 0) sau tiong dwong véi nhau:

sinX ~ x; arcsinx ~ x; tan x ~ x;
arctan x ~ x; In(1+x) ~ x;
A+x)" —1~mx; e -1~ x; 1-cosx ~ x>/ 2;

ax"+..+ax~ax"

Nhdn xét 2.

i. Ménh dé 1 cho thiy cac ham so cip thudng gap
ma 1a VCB thi déu twong duong duoc véi mot ham lity
thira (nghia 1a da “dinh gid” duoc).

ii. Theo Ménh d 1 thi sinx~ x, khi x—0. Do
d6, v6i viéc thay X biang dai luwong VCB thi
sin(VCB) ~VCB. Do @6, cac két qua cua Ménh d 1
dugc téng quat thanh arcsin(VCB) ~VCB, .... Nho d6
ma rat nhiéu ham hop cua cac so cdp c6 thé twong
duong dugc voi mot ham Iy thura.

Vidu 2. Khi x—0, tacéd

In(cos 4x) = In(L—2sin” 2x) ~ —2sin® 2x ~ —8X°.
That vay, vi

lim In(cos?x) _
x>0 —8X
Dinh Iy 1 ([1, 2]). Gia s o, (X), a,(X), B.(X),
B,(x) l1a cac VCB(x—0) va o (x)~a,(X),
B(X) ~ Bo(X). Khi do o (X) B,(X) ~ a, (X) B, (X).

Nhan xét 3. Khi cac gia thiét cua Dinh 1y 1 duoc
thoa mén, ndi chung o (X)+ f,(X) # a,(X) £ B,(). Do do,

1.

f( (X)) # Ty (X)) voi f 1amot ham sb nao do.
Vi du 3. Theo Ménh dé 1 ta c6
SinX ~ X, XCOSX~ XCOSX, Sin X ~ tan x.

Tuy nhién Sin X — XCOS X # X — XCOS X va
1-x/sinx #+ 1-/x/ tanx. That vay, vi

. sinx—xcosx 2 1-./x/sinx 1
lim——— == | ==

=S imT N
o0 X—xC0sX 3 01— [x/tanx 2

Heé qud 1 ([2] thay thé VCB tuong duong). Gia sit
cac gid thiét cia Ménh dé 1 dwoc théa man. Khi dé

lima, (x),(x) = lima, (x)5,(x),
lim e, (x)/ 6,9 =lim ez, (x)/ 5,(x),
néu cac gigi han trén 1a ton tai.

Pinh Iy 2 ([1, 2], quy tic bo VCB bac cao). Néu
a(x) =o(B(x)) thi B(X) £ a(x)~ B(X).

Pinh Iy 3 ([3] quy tac L’hospital). Gia sir f va g
la cac ham lién tuc trén [a,b] va x, € (a,b) sao cho
f(X,) =9(X,) =0. Néu trong mét l1an cgn thing nao
ds cia X, ton tai f'(x),9'(x), g'(x)#0 va ton tqi
hiru hgn lenx] f'(x)/g'(x) thi

lim M =lim w
=% g(x) % g'(X)

3. I'ng dung tinh gi&i han ham sé
Bai toan 1. Khtr dang v6 dinh 0/0 khi x — 0
. X
Ilmﬁ. (3)
x—0 ﬂ(x)
Phuong phdp: Bai toan 1 chinh la bai todn so sanh
hai VCB. Do d6, ta can “dinh gi4” chung dé so sanh.
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Nghia 1a, ta sir dung cac cap VCB tuong duong trong
Ménh d& 1 va Nhan xét 2 dé “dinh gia”™:

{a(x) ~a,(X) ~ ...~ ax*,

BOX) ~ A(X) ~ ..~ bX".
Str dung (2) va Hé qua 1, ta thu dwoc két qua cua gioi
han (3).
Vi du 1.Tinh giGi han sau:

1-3/1-15xsin 2x

i
x>0 In(cos4x)

|, =

Gidi: St dung Ménh dé 1, ta thu duoc
1—%1-15xsin2x ~ —%(—15xsin 2X) ~ 6x°,
In(L— 2sin? 2x) ~ —2sin® 2x ~ —8x°.

Theo (2) vaHéqua 1, suyra |, =-3/4.
Bai toan 2. Khur dang v6 dinh 0/0 khi X — X, # 0

lim ﬂ
=% g(X)
Phuirong phdp: Ta d6i bién, dat
t=x-X%, khi X, #oo,
{t =1/x, Kkhi X, =o0.

Khi d6 t — O nén Bai toan 2 tr thanh Bai toan 1.
Vi dy 2.Tinh giéi han sau:

Gidgi: bat t =x—1, ta thu duogc
|, —tim—22 -0
2 ’
t—0 1_ 6’1_2t _tZ
sir dung phuong phép ctia Bai toan 1, ta thu duoc
{2‘ —1=¢""?_1~tIn2,

V1-2t—t* -1~ 1(—2t—t2) -1
6 3

Suyra l,=6In2.
Bai toan 3. Khu céc dang vo dinh:
o0/ 0, 0.00,17, 0° va o0’
Phurong phap: St dung tinh chat JVCL=VCB, ta

chuyén cac dang v6 dinh trén vé& dang vo dinh 0/0 nhu
sau:
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i. Dang o0/o0 VCL, =1/VCL2 =VCBZ_
VCL, 1NCL VCB,
ii. Dang 0.00:VCB,VCL, = VCB, :@_
INCL, VCB,

vinu

iii. Cac dang 17°,0°,00°: taco u’ =e"™ nén néu
limvinu=1Ithi limu'=e'. Do d¢, d khir cac dang
v6 dinh cua U' ta chuyén sang khir dang vé dinh cua

vInu. Khi d6, dang vé dinh s& thay d6i nhu sau:
1 00.0
0° U =VInu << 0.0 —>g.

° 0.0

Vi dg 3. Tinh gigi han sau:
1
l, = Iing(cos 2X)xrcsinx
X—>

Giagi: Taco
In(cos 2x)
l, = Ixiirge xarcsinx
Ta di tinh gidi han
K — lim In(cos 2x) .

x>0 Xarcsin x
Theo phuong phap Bai toan 1, ta co

In(cos 2x) = In(L— 2sin® X) ~ —2sin® x ~ —2x?,
xarcsin X ~ x?,

suyra k=-2. Dovay I, =™,

4. Mét s6 sai lam khi dung CVB twong dwong

a. Sai lAm khi thay vd cung bé twong dwong vao
téng, hiéu

Trong qué trinh tinh giGi han ham s6 ta thuong méc
sai 1am thay VCB tuong dwong vao tdng, hiéu cac VCB.
Sau d6, ap dung Hé qua 1 dé suy ra két qua. Khi do, két
qua c6 thé khong dung vi theo Nhan xét 3 thi gia thiét
cua Hé qua 1 khdng con thoa man.

Vi du 4. Tinh gidi han sau:
tan X —sin xcos X

3 .

I, =lim
x—0 X

Phan tich: Néu ta thay VCB tuong duong cho hiéu
nhu sau: tir tan X ~ X, SIN X ~ X suy ra
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tan X —sinXCcos X ~ X — Xcos X = xsin?(x / 2) ~ x*/4
suy ra |, =1/4 (day 1a két qua sai).

Giai: Taco

tan x —sin xcos x = tan x(1— cos’ x)
=tanxsin® x ~ x°
suyra |, =1.

Nhgn xét 4. Khi tinh gigi han néu gap dang tong,
hiéu cac VCB thi ta khong duoc thay thé VCB tuong
duong. Do d6, dé tinh duoc gigi han dang nay ta thuong
bién d6i dé dua vé dang tich, thwong cua cac VCB nhu
Vi du 4. Dbi khi, ta tach thanh téng, hiéu cac giéi han
(néu céc gidi han do ton tai). Ngoai ra, ta c6 thé két hop
V6i quy tic L’hospital hay thay thé VCB bac cao hon dé
tinh gigi han dang nay.

Vidu 5. Tinh gi6i han sau:

e’ — J1—4xarctan x

2

|, = lim
x—0 X

Phan tich: Khi thém bot 1 vao tir sb ta s& duoc gidi
han dang hiéu hai VCB. Trong trudng hop nay, ta co thé
tach thanh hiéu hai gigi han. Sau d6 thay thé VCB twong
duong va thu duoc két qua nhu sau:

e —1+1—+/1—4xarctan x e —1
2

I, =lim =lim—;
x—0 X x=0 X
. l-4xarctanx -1 . x* . -2x°
—lim > =lim—-Ilim —=3.
x—0 X x—0 X x—0 X

Vi du 6. Tinh giGi han sau:

e —1—xe*

I, =lim >

x—0 X

Phan tich: Bay 1a gidi han dang hiéu hai VCB. Tuy
nhién, néu tach thanh hiéu hai giéi han thi c4c gi6i han
d6 khoéng ton tai nén khong thyc hién nhu Vi du 5 dwoc.
Néu thay VCB tuong duong vao hiéu ta s& thu duoc:

e —1—xe* ~ x—xe* =x(1—e*) ~ —2x°
suy ra l; =—2 (day la két qua sai).

Gidi: St dung quy tic L hospital, ta c6
e —e* —xe* e

= lim&=-2.
x>0 2 2

X

I, =lim
x—0 2X

Nhdn xét 4. Quy tic L’hospital ciing 1a mét cong
cu dé khir dang vo dinh 0/0. Bac biét khi gap céc gidi
han dang téng, hiéu cac VCB nhu Vi du 6. Tuy nhién,

khi gap gigi han ma cac VCB chua trong ham hop thi
quy tac L hospital s& gap kho khan. Do vay, ta can co sy
két hop giita phuong phap thay VCB twong duong va
quy tic L’hospital dé phéat huy thé manh cua tung
phuong phap trong viéc khir dang v6 dinh 0/0.

Vidu 7. Tinh gidi han sau:

(i/x2 tan X + cos 2x —1)arctan X
| =lim .

X0 X —tan x
Phan tich: Néu st dung quy tic L’hospital dé giai
bai toan nay thi ta s& gap kho khan khi tinh dao tur s6.
Néu str dung phuong phap thay thé VCB twong dwong
thi mau sb 1a hiéu hai VCB nén khong thay thé dugc. Do
vay, ta s& két hop hai phuwong phap trén vao giai bai

toan nay nhu sau:
Gidi: St dung thay thé VCB twong dwong, ta co

(\3/ x? tan X + Cos 2Xx —1) arctan x

= (3/1— 2sin? x+ x* tan x —1)arctan X

~ 1(—ZsinZ X+ X% tan x)x -2
3 3

Suy ra
2. X3
l, =—=lim——.
3x20 X —tan x
Ap dung quy tic L’hospital, ta thu duoc
2 3x°

I, =—=Ilim 5
3 x>0 —tan® x

=2.

b. Sailam khi thay VCB bén trong mét ham sé
Theo Nhan xét 3 thi khi a(x)~ £(X) néi chung

khong suy ra f(a(X))# f(B(X)) vsi f 1a ham sé

nao d6. Do d6, trong qua trinh tinh giéi han, néu ta thay

VCB tuong duong bén trong mot ham sé nao do6 s& dan
dén két qua sai.

Vi du 8. Tinh gidi han sau:

1 In(1+ xsin x
lg = Im_z'”(#j'
x>0 X X
Phan tich: Néu ta thay VCB tuong dwong nhu sau:

In(1+ xsin x) ~ xsin x, 4)
vao |, thi ta thu dugc gidi han
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x—0 X 6
Két qua nay khong dung vi theo Nhan xét 3 thi tir (4)
khong suy ra dugc

In(ln(l+ )isin x)j ~ In(Sin xj.
X X

Gidi: Str dung phuong phap thay VCB tuong duong

sin x 1
Iy _Ilm—In[ j —-=.
X

ta thu duoc
H 2
I _Ilmiln[ In(1+x5|2nx)—x )
x=0 ¥ X
H _y?
:"mln(1+ xsT X) — X .

x—0 X
Ap dung quy tic L hospital ta thu duoc két qua
l, =—2/3.

Vidy 9. Tinh gi6i han sau:

2
[\/1+ 2xtan x — 1]

Phan tich: Twong tu Vi du 8, néu ta thay VCB
tuong duong nhu sau: tu

J1+2xtanx —1~ xtanx,

1
ly =lim—=;
X*)OX

suy ra
sin ”—XZ ~Sin(”_xj (5)
J1+2xtanx -1 tanx )’

Do @6, ta co
1 TX T
l, =lim—=sin| — |=—.
x>0 X2 tan x 3

Két qua nay sai vi (5) khong dung. Két qua dung la
l, =—7/6.

5.Két luan

Bai bao di van dung quy luat trao d6i hang hoé cua
cudc séng vao tinh gidi han caa ham sé théng qua viéc
thay thé cac VCB bang ham luy thira dé dua cac gidi han
vé gidi han don gian (2). Bai bao gisi thidu mot sé
phuong phap dé khic phuc cac bai toan cé chua tong,
hiéu cac VCB ma khongsir dung phuong phap thay thé
VCB tuong duong. Tuy nhién, truong hop nay ta ciing
c6 thé st dung phuong phap thay thé VCB twong duong
nhung phai la VCB tuong duong bac cao hon vi du nhu:
X—tanx ~—
cap dén trong mot nghién cau tiép theo. Pac biét, bai
béo da chi ra mot s6 sai 1am khi sir dung phwong phap
thay thé VCB tuong duong. Day thuc su 1a nhitng diéu
tam dic cua chdng t6i vi trong qué trinh giang day c6
kh& nhiéu sinh vién mic phai nhiing sai lam nay dan
dén sai két qua.

Ghi chu: Céc gisi han trong bai bao duoc tinh bing
phan mém Maple 17.

x3/3. Vén dé nay s& dugc chung toi dé
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APPLYING INFINITESIMAL EQUIVALENCE IN CALCULATION OF FUNCTION LIMITS

Abstract: Many problems of analytical mathematics lead to calculation of limits of a function. Therefore, the calculation of limits
of a function has attracted much attention of mathematicians. Only when it is in anamorphous form does the calculation of the limits of
a function appear really difficult to be solved. Among amorphous forms, the 0/0 amorphous one is the most common and important,
for most of other amorphous forms can be converted into 0/0. The nature of the 0/0 amorphous form is comparison between two
infinitesimal quantities.In this article, we have chosen the exponential function as an intermediary infinitesimal quantity, whereby
instead of comparing two infinitesimals together, we are to compare them with the above infinitesimal intermediary. Thus, we move
from the problem of comparing two infinitesimals to the one of comparing two exponential functions, which already has its own

solution; therefore, we can obtain the results of the initial problem.

Key words: infinitesimal;infinitesimal equivalence;infinitesimal comparison; limits of functions; amorphous form reduction;

method of calculating limits.
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