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Tém tat: Trong bai bao nay, trwdc tién chang téi chirng minh dwoc rang chiéu dai cia mét dwong di
tuyén tinh tirng khic bét ky trong mét khéng gian metric X 1a khéng phu thudc vao cac phép phan hoach
7 cla doan [a,b], va cac anh xa affine ¢, xac dinh trén doan [ty, tx:1]. Sau d6, ching t6i chirng minh réng
véi hai didm x va y bat ky trong mét khéng gian metric X, ludn tdn tai mot dwérng di tuyén tinh tivng khic

ndi x véi y. Hon niva, ching t6i da chirng té rdng cong thire: d(x,y) = inf {I(c): ¢ la mét dwong di tuyén
tinh tirng khac ndi x véi y} 1a mot metric trén X. Cudi cling, ching toi d& chirng minh dwoc mot két qua
réng, v&i metric dwoc xac dinh nhw trén, (X,d) 1a mét khéng gian metric tric dia.

Tir khéa: db thi; khéng gian metric; khong gian metric trac dia; duong tréc dia; dwong di tuyén tinh tirng

khuc; anh xa affine.

1. Gi&i thiéu

Ly thuyét nhém hinh hoc dugc nhiéu nha toan hoc
trén thé gigi quan tam tir nhimg nam 90 ciia thé ky trudc
dén nay. Qua do, cac nha toan hoc da thu dugc rat nhiéu
két qua lién quan dén khong gian metric tric dia va
khong gian metric hyperbolic. Pac biét, trong [1], cac
tac gia da xay dung do thi va da thu dugc mot sé két qua
dep trén khong gian metric.

Trong bai bdo nay, trugc tién ching tdi chung
minh rang chiéu dai cuia mot dudng di tuyén tinh ting
khic bat ky trong mot khdng gian metric X 1a khong
phu thudc vao cac phép phan hoach 7 cua doan [a, b]
va cac anh xa affine c. Tiép theo, ching tdi chimng
minh rang vai hai diém x va y bat ky trong mot khong
gian metric X, ludn ton tai mot duong di tuyén tinh
ting khic néi x véi y. Qua do, chung t6i da xay dung
dugc mot metric d trén X ma (X,d) 1a mot khdng gian
metric tric dia.

2.Co s& ly thuyét va phwong phap nghién ctru
2.1. Co s& ly thuyét
2.1.1. Khéng gian metric trac dja
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Cho (X,d) la mégt khéng gian metric va x,y € X.
Ta n6i rang mot duong trac dia noi x,y trong X la mot
anh xa

c:[0,1]— X (1=0)
thoa mén
c(0)=x,cl)=y,
le(t)—c(t)| = |t—t'| véi moi t,t [0,1].
Tir day ta ciing suy ra dugc rang d(x,y) =1 va c la&nh
xa lién tuc.

Mai khéng gian metric tric dia 1a mot khbng gian
metric ma véi bat ky hai phan tir cua n6 déu c6 mot
duong tric dia ndi ching.

Nhdn xét.

-Néu c:[0,1]—> X
Xy, thi

la mot duong tric dia ndi

c:[01]> X
t a c'(t)=c(l-t)
ciing 1a mot duong tric dia ndi y, .
- Vi mdi phan tir x cua mot khdng gian metric
(X,d) luén c6 dudng tric dia ndi x,x 13 &nh xa hang.
Tia trdc dia 12 mot tap con cua mot khong gian

metric ma n6 déng cu véi [0, +o0).

2.1.2. Bé thi
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Db thi 1a mot td hop G gdm hai tap hop, V duogc
goi la tdp cdc dinh va E duoc goi la tgp cac canh ma
tn tai cac anh xa

d,:E—>V,8,:E>V
sao cho V =0,(E) U, (E).

Ta s& gan mdi d6 thi G véi mot tap X con goi tat
la X nhu sau:

Cho tap Ex[0,1], ta xac dinh mét quan hé R trén

d6 nhu sau: V6i moi (e,t), (e',t") e Ex[0,1], tacd
(e,H)R(e"t")
0,(e) =0,.(e)
trong d6 t,t'e{0,1}. RO rang ring day la mot quan h¢
twong. Ta dat X = (Ex[0,1])/ R, va xét anh xa
p:Ex[0,1] - X
(e,t)a [(et)].
Bay gio, vai moi e € E, ta xét
f,:[0,]—> X
ta p(et).

Khi d6, ta thdy rang f, 1a don 4nh trén (0,1). Ngoai ra,

(e,t)R(e',t) c{

néu f.(0)= f.(1), thi e duoc goi la mét loop.

Gia st veV. Khi d6, ved,(E)ud,(E). Suy ra
ton tai e e E sao cho 6,(e) =v hoic ton tai e'e E sao
cho 0,(e) =v.

Nhdn xét. Gia st ®:V — X dugc xac dinh nhu
sau: néu ton tai ecE sao cho d,(e)=v, thi
®(v)=p(e,0), va néu ton tai e*cE
0,(e*)=v, thi ®(v)=p(e*,1). Khi do, ® dugc xac
dinh dung din va don anh. Nhu vay, ta ddng nhat mai
veV Vvoi d(v)e X vaco thé xem V nhu 12 mot tap

sao cho

concua X.
Gia st a<b. Ta n6i f:[a,b] >R

affine néu véi moi u,v e[a,b], véi moi t[0,1], taco

la 4nh xa

f[A=t)u+tv] = A=) f () +1f (V).
Tanhan thiy rang f :[a,b] > R 14 &nh xa affine khi va
chi khi ton tai «, fe; sao cho
f(u)=au+ B,Vuela,b],

khi va chi khi véi moi t €[0,1], taco
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f[(1-t)a+tb] = (1-t) f (a) +tf (b).

Mdi anh xa c:[a,b] > X (a<b) duoc goi 1a mot
dwong di tuyén tinh ting khic néu ton tai phép phan
hoach 7 ={t;,...t.,t,,s,...t,} cua [a,b] sao cho véi
moi k €{0,..,n—1}, ton tai e e E vaton tai

c [t .t.,1—[01]
la anh xa affine sao cho
€l o= fe OC.

Gia sir ¢:[a,b] > X (a<b) 1a duong di tuyén tinh
tung khic, va 77 ={ty,...t,,t,;,-..t,} 12 mot phép phan
hoach cua [a,b] sao cho véi moi k €{0,...,n—1}, tdn
tai e €E, va ¢ :[t,.t.,]—[0,1] Ia &nh xa affine sao
cho ¢l , ;= f, oc,. Tadat

1) = 26, 0) -0, )

Khi d6, 1(c) dwoc goi la d@é dai cia dwong di tuyén tinh
teeng khdc c.

Gia st x,ye X va c:[a,b]> X (a<b) sao cho
c(a) = x,c(b) = y. Khi do, ta noi rang ¢ nsi x véi vy.

Nhdn xét.

- Gia sir a<h, a'<b' va c:[a,b]—> X la mot
duong di tuyén tinh ting khac, «:[a',b]—[a,b] la
anh xa affine théa man «(a’) =a, a(b") =b. Khi do,

coa:[a'hl— X
ciing 1a duong di tuyén tinh ting khic va I(coa) = I(c).

- Gia s a<b<b' wva c:[abl->X,
d:[b,bT— X 1a cac duong di tuyén tinh ting khic
théa mén c(b) =d(b). Ta dat e:[a,b]—> X duoc x&c

dinh boi
e(t) = {c(t), t e[a,b],
d@®), te[b,b].

Bai vi c(b) =d(b) nén e duoc xac dinh dung dén. Hon
nita, € la mot duong di tuyén tinh ting khic va
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I(e) = I(c) +1(d). Khi &6, e duoc goi la dwong di tuyén
tinh teeng khic néi c,d.

- Gia st a<b va c:[a,b]> X la mét duong di
tuyén tinh tirng khdc,

t:[a,b]—> X
ta c(t)=c(a+b-t).

Khi d6, T la mot duong di tuyén tinh tung khic va
I(T) =1(c).
2.2. Phuwong phap nghién ctru

Chang t6i st dung phuong phap nghién cuu ly
thuyét trong qué trinh thyc hién bai bao. Nghién ciu cac
tai liéu cua nhitng tac gia di trudc, 1am yéu gia thiét dé
thu duoc két qua téng quat hon.
3.Két qua va danh gia
3.1. Két qua
3.1.1.Dinh Ii. Gia sir a<b va c:[a,b]—> X la mgt
dwong di tuyén tinh ting khiic. Khi d@é,1(c) khéng phu
thugc vao phép phan hogch 7 va cac anh x¢ affine c,.
Chizng minh. Phép ching minh dugc thuc hién theo cac
budc nhu sau.

Buoc 1. Gia st 7 = {t;, ...t ,t, 1,0ty } 1 MOt phan
hoach bat ky cua [a,b],
k e{O,...,n—l}, tdn tai

va gia s v moi
e.e\ cE va ton tai
c,.c' [t t.,1 —[0,1] la cac anh xa affine sao cho
c |[tk teal ™ fek oG, ¢ |[tk teal ™ fe'k oc.

Ta s& chi ra rang
n-1 n-1
Zl C (tk) —C (tk+1) |: Zl Clk (tk) _C‘k (tk+1) | .
k=0 k=0

That vay, véi moi ke{0,..,n—1}, gia st ¢, Ia hing
trén [t,,t.,] va c' khong la hing trén [t,,t,,]. Khi
d6, vi mdi anh xa affine Ia lién tuc va c', ¢ cac gia tri
thuoc [0,1] nén véi moi te (t,,t..,), ton tai a e (0,1)
sao cho t=(1-a)t, +at,,,. Suyra

c () =QA-a)' (t)+ac' ()< (0]1).

Bai vi

p(e.Cc (1)) =c(t)=p(e.c' (1))
nén e =e',,c (t)=c' (t), kéotheo c', Ia anh xa hing.
Diéu ndy mau thuan véi ¢’ khéng la hang trén
[t,.t,.,]. Nhu vay, chi xay ra hai truong hop sau:

- Truong hop 1. c,,c', cung la anh xa khéng phai
la hing. Khi d6, theo cach lap luan trén ta c6
¢ (t)=c' (t) voi moi te(t,,t,,). Matkhéc, vi cac anh
xa affine déu lién tuc nén ta ciing c6

¢ (t) =c’ (t). ¢ (t,1) = ¢’ (t.0)-
Suyra | ¢, (t) —c, (t..) =l ¢’ (t) — ¢ (t.) |-
- Truong hop 2. ¢,,¢', cuing 1a 4nh xa hang. Khi do,
I (t) —c (t.s) [=0=| ¢’ (t) —c’ (t,0) |-

Nhu vay,
n-1 n-1
Z| Cy (tk) —C (tk+1) |: Zl Clk (tk) _C'k (tk+1) | .
k=0 k=0
Tir két qua cua Budce 1, ta c6 thé dat
n-1 n-1
I/r (C) = Zl C (tk) —C (tk+1) |: Zl Clk (tk) _C'k (tk+l) | .
k=0 k=0

Budc 2. Gia sit x,, 7, |a hai phan hoach bat ky cia
cia [a,b] ma 7z, min hon 7z, Ta s& chi ra ring
I, (c)=1,(c). That vay, khong giam tong quét ta c6
thé gia thiét bd sung rang z, hon 7, mot diém chia,
nghia la

7 ={tyr ettt s = {t et Ut t )
Gia sir rang véi moi k €{0,..,n—1}, ton tai e, €E va
c, :[t..t..,]1—1[01]
Cly v.= fe OC,. Tadat

la cAc anh xa affine sao cho

e',=¢,d,=¢,:[t,,t,] > [0,1],...,

e\ =8ty =¢cy it t 1= [0],

e =6.d" =¢ [y [t ul—>[0,1],

e" =¢.,d" =¢ |[u,tk‘1]: [ut,.,]—>[01],
€' = a1 A =G tta b, 1> [0.1], .,
e',=e.,.d_=c,:[t.,.t]—>[01].

Taco
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Iﬂl (C) = | Co (to) —G (t1) | +..+ | Ckfl(tkq) _Ck—l(tk) |
+1 6 () —C () | +1Ca (tn) —Ca (o) |
+o.+ | Cn—l(tn—l) - Cn—l(tn) |
=[dy(ty) —do (t) [ +.+ [ dy; (b 1) —di s (&) |
+]e (t)—c (U)+c (U) —c (L) |
[y () = i (b 2) [+
+ | dn—l(tn—l) - dn—l(tn) | .

Bai vi ¢, la &nh xa affine nén n6 don diéu. Do do,

| (t) —c (u) +c, (u) —c, (1) |
:|Ck(tk)_ck(u)|+|Ck(u)_ck(tk+l)|
=[d" (t)-d" (U[+]d" (u)-d" (t. ).

Suy ra
Iﬂl (C) = | do(to) _do(t1) | ot | dkfl(tkfl) - dkfl(tk) I
+ | G (tk) —C (U) +C, (U) —C (tk+1) |
+Hd () —dea (o) [t 1d () —d i () |
= |do(t) —do (t) |+ dy s (b 1) —d 1 (8 |
+d' () —d' (W)[+]d" (u)-d" (t..) ]|
+ | dk+1(tk+1) - dk+1(tk+2) | et | dn—l(tn—l) _dn—l(tn) I
1. ().

Bueoc 3. Gia st 7,7, 1a cac phan hoach bét ky cua

cua [a,b]. Ta chon mét phan hoach 7 min hon 7, va
7,. Khi do, sir dung két qua cta Budc 2, ta thu duoc
l.(©)=1.(©)=1_(c)
3.1.2. Binh Ii. Véi moi X,y € X, ton tai mét duong di
tuyén tinh teeng khic noi x, y.
Chizng minh. Ta dat
d(x,y) =inf{l(c) :c 1 duong di tuyén tinh
tirng khic ndi x, y}.
Khi do, ton tai
min{l(c) : ¢ 1a dudng di tuyén tinh tirng khic ndi x, y}.
That vay, ta dat
A={l(c):c la duong di tuyén tinh timg khdc ndi x, y}.

Tathay raing A= @ va u>0 véi moi ue A Hon nira,
A c6 phan tir bé nhét. That vay,
Truong hop 1. x=1y.
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(1.1) Néu x =y = p(e,0) vai e 1a mot phan tir coa
E, thita dat
¢:[0,1] » X
ta p(e0)
va véi moi t €[0,1], ta ddt ¢ (t) =0. Khi do, ¢ = f, oc,.
Suy ra 1(c) =/ ¢,(0) —c,(2) |= 0. Nhu vay, min A=0.
(1.2) Néu x=y=p(e,1) véi e la mot phan tir cua
E, thi ta dat
c:[0,1] — X
ta p(el)
va véi moi t €[0,1], ta dat ¢ (t) =1. Khido, c= f, oc,,
kéo theo I(c) =| ¢, (0) —c,(2) |=0. Nhu vay, min A=0.

(1.3) Néu x=y=p(e,s) voi ecE, se(0,1), thi

ta dat
c:[0,1] » X
ta p(e,s)
va véi moi t €[0,1], tadat ¢ (t) =s. Khido, c= f, oc,
kéo theo I(c) =| c,(0) —c,(1) |=0. Nhu vay, min A=0.

Truong hop 2. X # Y.

(2.1) Néu x,y cung la cac dinh cua X, thi truc
tién ta chi ra ring ton tai ue A sao cho ton tai
v,e An¥ ma v, <u. That vay, véi moi ueA,
u=I(c) véi c:[a,b]—> X la mot duong tuyén tinh
ting khdc ndi x,y. Xeét tap tat ca cac dudng di tuyén
tinh tirng khac d ndi x,y ma 1(d) < u. Khi o, ta chon
mot duong di trong tip ndy ma cé sb cac doan chia
tuong (g 1a bé nhét, va ta goi s6 bé nhat nay Ia n. Ta
thdy rang tap nay khac rdng do chira c. B&i vi mdi tap
con khac rdng cia ¥ déu cé phan tir bé nhit nén duong
di nhu thé la ton tai. Ta goi duong di nay la
d:[a’b]— X.

Gia su 7={s,,...,S,} 1a mot phan hoach twong ing
cia [a'b7] sao cho véi moi ke{0,..,n—1}, ton tai
e, €E va d, :[s..s,,]—[01] la& cac anh xa affine

theaman d |, , ,=f, od, va
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S 1d, (5.) —d, (5,,1) - 1(0).

k=0

Néu n=1, thido d(s,), d(s,) lacac dinh cia X nén
d(so) = fe0 (do(so)) = p(eovdo(so))-
Suy ra d(s,) €{0,1} va
d(sl) = feo (dO(Sl)) = p(eO’dO(Sl))l
kéo theo d,(s,) €{0,1}. Do do,
ld(s,)—d(s))|e¥,
suy ra 1(d)e¥. Nhu vy, néu ta dit v, =I(d), thi
v, e An¥ vay, <u.

Bay gio, gia st n>2. Khi do,néu ton tai
ke{0,..,n-1} sao cho d, la hang trén [s,,s,,,], thi
bang cach bo di doan [s,,s,,,]ta c6 thé lap dwoc mot
duong di tuyén tinh ting khic ndi x,y c6 do dai nho
hon hay bang 1(d) <u. Mat khac, vi s doan chia nho
hon n nén ta suy ra vdo ly. Do do, véi moi
ke {0,...,

vay, voi moi k €{0,..,n—1}, va véi moi se(S,,S,.,),

n-1}, d, khong la hang trén [s,,s,,]. Nhu

ton tai & € (0,1) sao cho
s=(1-a)s, +st,.;.
Suy ra
d, (s)=(1-a)d, (s,)+ad,(s,.,) €(0,1),

kéo theo d(s)=p(e,,d,(s)). Do vay, d(s) khong la
dinh cua dd thi X. Bay gio, ta dat

{ke{0,...n}:d(s,) ladinhcua X}=m,,...,m,,
trong d6 O0=m, <..<m =n. Khi do, ta suy ra
d(s%),...,d(smp) I4 phan biét. That vay, gia sa nguoc
lai ring c6 hai dinh tring nhau. Bépg cach bo di mot sb
doan ta tim dwoc mot dudng di tuyén tinh timg khic ndi
X,y c6 d6 dai nho hon hay bang u va sb cac doan chia
nho hon n. Diéu nay dan dén vo ly.

Boi vi d(s,, 1), d(s,,_1) khong la dinh cua X

nén ta cé

do (Smu+1) = d1(3m0+1)’
d; (Sy+2) = Ay (S 2
Ary 2 (S, 1) =y, 1 (S, 1)
Tur 46, ta suy ra
| o (S, ) = o (Smy2) [+ 11 (S 1) =i (S 2) |
+]dy(Spyi2) =0y (Spya) |+
+dy 4 (S, 1) =0y 4 (Sy,) |
> [ dy(Sy, ) —dy, 1 (Sp,) |-
Hon nira, vi d(s,, ,,),...d(s, ;) khong la dinh cua X

nén e, =..=e, ;. Suyra

P(€r: Ao (5, ) =d(Sp, )= d(5,,) = P8, 0y 1(5) )

kéo theo dy (s, ) #d,, (s, ) Matkhac, vi

dy (5, ), 0y (5, ) € {0, 1)
nén | dy(s,, )—d, 1(S,) =1

Boi vi d(s, ),d(s,) la hai dinh khac nhau cua
cung mét canh e, nén sir dung ham feO ta tim dugc mot
duong di tuyén tinh ting khic néi d(s,, ),d(s,,) c6 do
dai bang 1. Ta thay d - bing dudng di mai nay.
Tiép tuc lam nhu thé ddi Vvéi cac doan
[Sml’smz]’ ...,[Smpil,smp] ta tim dugc mot duong di
tuyén tinh ting khdc » ndi x,y ma I(y) <u va co do
dai 1a mot sé tu nhién.

Tiép theo, vi {v, :ue A} la mot tap con khac rdng
cia tap ¥ nén n6 c6 phan tir bé nhat, va phan tir nay
cling 1a phan tir bé nhit cia A. Nhu vy, ta di chung
minh dugc cho treong hgp X,y 1a cac dinh cia X. Hon

nita, néu d(x,y)=ne¥", thi ton tai cac dinh
x=d,, dj,.., d,, d,p,, d, =Y
va ton tai e, ..e, €., .. €_,€E vad,d, lahai

dau mat khac nhau cua e, véi moi k €{0,...,n—1}.
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(2.2) Néu x khong lamot dinhnaocia X va y la
mot dinh cia X, thi ton tai e E, t', €(0,1) sao cho
x=p(et’,). Baygio, gia st

d:[0,t, T X
ta d(t)=p(et).
Khi d6, d la mot duong di tuyén tinh ting khic ndi
X, p(e,0) co6 dddai t',. Tadat
u=d(p(e0),y).
Khi @6, u € ¥. Hoan toan twong tu ta suy ra
d':[t, 1] - X
ta d'(t) = p(e,t).
la mot duong di tuyén tinh ting khac ndi x, p(e,1) c6
d6 dai 1-t',. Bay gio, ta dit
v=d(p(ed,y).
Suy ra v e¥. Tas& ching minh rang
d(x,y)=min{u+t'y,v+1-t's}.
That vy, dat a=min{u+t';,v+1-t';}. Khi d6, hién
nhién ring ton tai mot duong di tuyén tinh néi x,y ma
c6 do dai bang «. Gia sir ¢:[a,b] > X 1a mot duong
di tuyén tinh tung khdc ndi x,y. Ta ching to ring
I(c) > .

Gia sit 7 ={ty,...t,t,1,..nt,} 12 Mot phan hoach
cia [a,b] sao cho véi moi ke{0,..,n—1}, ton tai
e €E vaton tai ¢ :[t.,t.,]1—>[01] l1a anh xa affine
theaman cf, . ,=f, oc,. Taco

c(a) =x=p(et), t, (0,),

c(@) = p(&,¢,(d))-
Suyra e, =€, ¢y(a) =t,. Xet
Co(to): Co(t), (L), Ci(ty), €, (L), ooy Cou(tyy) €y (ty):
Ta thay rang véi moi k €{0,..,n=1}, ¢, (t,.,), C,; (t.,)
dong thoi ciing thudc hodc dong thoi khdng cang thudc
tap (0,1). Hon nita, ta thdy c(t,) khong la dinh cua X,

c(t,) 1a dinh cua X. Do d6, ta tim duoc
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ky €{0,....,n=1} sao cho c(t),...,c(t, ) khong la dinh
cua X, c(t,,) lamotdinh cua X. Taco,
€=6 =..=6, Co(t) =cy (L),
c(t,)=c,(t,) ... ¢ 4t )=c (&)
Khi do,
+) Néu ¢, (¢, .,) =0, thi
C(tk0+l) = p(ek0 1Cy, (tk0+1)) = p(e,0)
va ta co
I(C) = | Co(to)_co(tl) | + | C1(t1) _Cl(tz) |
+ot | Ck0 (tk0 ) _Ck0 (tk0+1) | +Uu
= | Co(to)_cl(tl) | + | C1(t1)_cz(t2) |
+ot]e () —C () [ +u
>|t', |+u
> Q.

+) Néu ¢ (t,.,) =1 thi

Cty.) = p(ekolcko (tk0+1)) = p(e.1)
vatacd
I(C) :| Co (to) _CO(tl) | + | Cl(tl) _Cl(tz) |
ot | Cko (tkD ) _Cko (tk0+1) | +V
=| ¢y (t) —C.(t) [ +]cy(t) —c,(t,) |
ot | Ck0 (tko ) _Cko (tk0+1) | +u
2|t —1]+v
Za.
(2.3) Néu x khong la mot dinh nao cua X va y
thi ton tai
ecE, t',€(0,1) sao cho x=p(et’), va ton tai

khong & mot dinh nao cua X,

e'eE, t", €(0,1) saocho y=p(e't",).
Néu e =e', thi xét

d:[0,t',]> X
ta d(t)=p(et).

Khi d6, d 12 mot dwong di tuyén tinh timg khac néi x,
p(e,0) cododailat',. Tadat

u=d(p(e,0),y).

Hoan toan tuong ty ta suy ra
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d':[t’y, 1] — X
ta d'(t) = p(et).
la mot duong di tuyén tinh tung khdc ndi x, p(e,1) co
do dai la 1-t';. Ta dat v=d(p(e1),y). Nhu viy,
ve¥. Bay gio, ta sé chitng minh rang
d(x,y) =min{u+t';,v+1-t';}.

That vay, ta dat

a=min{u+t'),v+1-t';}.
Khi d6, theo ching minh trén ta suy ra rang ‘tén tai mot
duong di tuyén tinh noi x,y ma c6 d6 dai bang «. Gia
sit ¢:[a,b] > X 1a mot dudng di tuyén tinh ting khic
ndi x,y ta phai ching minh 1(c) > a.

That vay, gia su 7 ={ty,..t t,,...t,} 12 mot
phan hoach cua [a,b] sao cho véi moi k €{0,...,n—1},
ton tai e, € E va ton tai ¢, :[t.,t,]1—[0,1] la anh xa
affine sao cho c|, . ;= f. oc,. Ta xét hai truong hop
sau.

1. Truong hop c(t,),...,c(t,) khong la dinh cua X.
Khi d6, e=e, =€ =..=¢,, =€'. Diéunay lavé ly.

2. Truwong hop nguoc lai ta tim dugc
ky €{0,..,n=2} sao cho c(t,),...,c(t, ) khong la dinh
cua X, c(t, ;) lamétdinh cua X. Taco

e=8=..=6,

Gt =at).ct)=c,t)....c .t )=c (t )

Hon nira,

-Néu ¢ (t,,,) =0, thi

Ko +1

Cty,.) = p(ekolcko (tk0+1)) = p(e,0),

vatacé

1(€) =1, (t) —Co (L) [+ (k) —ci(t) |
+ot | Cko (tko)_cko (tk0+1) | +u

=16 (6) G ) [+16(L) ~C,(t,) |
ot | Cko (tko)_cko (tk0+1) | +u
2|t', | +u

>a.

-Néu ¢, (t, ) =1, thi

C(tk0+1) = p(ek0 Gy, (tk0+1)) = p(e,1)
vata co
1(€) =l ¢y (t) = Co () [+, (t) —Cu(t) |
ot | Cko (tko ) _Cko (tk0+1) | +v

=l () —c(t) [ +]c(t)—c,(t)]

+ot] e () - ( .0) | +u
2|t —1|+v
> Q.
Ta thay rang, néu e=e’, thi rd rang ta tim duoc mot
duong di tuyén tinh ting khac ndi x,y cé do dai la
[t—t" [ ().
Bay gio, gia st
d:[0t',]—> X
ta d(t)=p(et).
Khi @6, d 1a mot duong di tuyén tinh ting khdc ndi
X, p(e,0) co dodaila t',. Tadat
u=d(p(e0),y).
Hoan toan twong tu ta suy ra rang
d:[ot',]—> X
ta d(t)=p(et).
la mot duong di tuyén tinh ting khac ndi x véi p(e,1)
va c6 do dai la 1-t';, ta dat v=d(p(ed),y). Ta s&
ching minh ring
d(x,y) =min{u+t'y,v+1-t'g,[t',—t"; [}.
That vay, ta dat

a=min{u+t'),v+1-t'y, |t —t" [},
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Khi d6, sir dung (*) ta suy ra rang ton tai mot duong di
tuyén tinh ndi x,y ma c6 d6 dai bang «. Bay gio, gia

st ¢:[a,b] > X 1a mot duong di tuyén tinh ting khic
ndi X, y. Ta phai chitng minh 1(c) > c.

Gia st 7={ty,...t ,t;,..t,} 12 mot phan hoach
cua [a,b] thoa man rang véi moi k €{0,..,n—1}, ton
tai e € E, ¢, :[t..t.,]—[0,1 Ia &nh xa affine sao cho
Cly o= e OC,. Khido,

Néu c(t,),....c(t,) khong la dinh cia X. Khi do,
e=¢,=¢ =..=¢€,_,. Suyra

I(C) = | Co(to) _Co(t1) | + | Cl(to) _Cl(tl) | +...
+ | Coa (tn—]_) —Cha (tn) |
2 | Co(to)_cl(g) | + | C1(to) _Cz(ti) | +...
+ | Coa (tn—]_) —Cha (tn) |
>t —t" > e

Néu nguoc lai ta tim duoc k, €{0,...,n—2} sao
cho c(t;),...,c(t, ) khong la dinh cua X, c(t, ,,) 1a mot
dinh cua X. Taco

e=g=..=¢,

Gt =c).c(t,)= Cz(tz)’"-’ckofl(t%) =G, (tko);
Bay gio, ta xét hai truong hgp sau:

+ Truong hop ¢, (t, ;) =0:

Khi do, c(t, .,) = p(e,.c (, .1))=Pp(e0), va

I(C) = I Co(to) _Co(t1) | + | C]_(tl) _Cl(tz) | +..

+ | Cko (tko ) - Ck0 (tk0+l) | +Uu
= | Co(to)_c1(t1) | + | Cl(t1)_cz(t2) | +...

+le () —c (1) [+u
2|t |+u=a.

+ Truong hop ¢, (¢ ,,) =1:

Khi do, C(tk0+1) = p(ek0 1Cy, (tk0+1)) =p(ed), va

I(C) =| Co(to)_co(tl) | + | Cl(tl)_cl(tz) | +...

+ | Cko (tko ) - Ck0 (tk0+1) | +v
=l ¢y (t) —cu(t) [ +]cu(t) -, () | +..

+ | Ck0 (tko) - CkD (tk0+1) | +u
2|t —1]+v 2 a.
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Nhu véy, ta dd chimg minh dwoc raing A c6 phan
tir bé nhat. Do d6, ton tai mot duong di tuyén tinh tung
khic ¢ ni x,y sao cho I(c) =d(x,y).

3.1.3. Dinh li. d dwoc xay dung trong ching minh
cua Dinh 1i 3.1.2 la mgt metric trén X.
Cheng minh. Gia st x,y,z € X. Khi d6,
(1) Boi vi
d(x,y) =inf{l(c): ¢ la duong di tuyén tinh
tung khic néi x, y}.
nén d(x,y) > 0. Hon nira, ta co
(1.1) Néu x =y, thi hién nhién rang d(x,y) =0.
(1.2) Néu x =y, thitachon c l1a dudng di tuyén
tinh tirng khic ndi x,y sao cho 1(c)=d(x,y). Gia sir
7 ={ty et tyrenty} 1 Mot phan hoach cua [a,b]
sao cho véi moi ke{0,..,n-1}, ton tai e €E va
¢ [t .t..,1—>1[01]
Cly1.g= To OC,. Bay gio, néu d(x,y)=0, thi
0=1(c) =l ¢y (ts) o (t) [+ e, (t) —C (t) | +..
+]Cy (ts) —Coa(t) |-

la anh xa affine thoa man

Suy ra
Co(ty) =Co (L), & (L) =C (L), ¢y (tyy) = (ty),

kéo theo

x=c(t,) =c(t)=c(t,)=..=c(t,_,)=c(t,) =Y.
Piéu ndy mau thudn véi x = y. Nhu vay, d(x,y)>0.
Do d6, néu d(x,y)=0, thi x=y.

(2) Taco

d(x,y) =inf{l(c):c la duong di tuyén tinh

ting khic ndi x, y}.

A={1(c):c la duong di tuyén tinh
tirng khic néi x, y}.
B ={l(c):c la duong di tuyén tinh

tieng khic ndi v, x3.
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Khi @6, d(x,y) =inf A, d(y,x) =inf B.

Gia st c:[a,b] > X 1a mot duong di tuyén tinh
ting khdc ndi x,y. Khi d6, T(t) =c(a+b-t) la duong
di tuyén tinh tirng khic néi y,x va 1(T) =1(c). Bai thé,
A=B, Kkéo theo infA=infB.
d(x,y) =d(y,x).

(3) Gia s c:[a,b] > X 1a duong di tuyén tinh
I(c)=d(x,y) va
¢':[b,b7— X 1a duong di tuyén tinh timg khic nbi

Nhu  vay,

tung khdc ndi x,y sao cho
y,z sao cho I(c’)=d(y,z). Nhu véy, duong di ndi
c,c' la tuyén tinh tung khic ndi x,z co do dai la
d(x,y)+d(y,z).Suy ra
d(x,z) <d(x,y)+d(y,2).

Tur chieng minh trén ta suy rarang d 1 mot metric
trén X.
3.1.4. Binh li. (X,d) 1a mgt khong gian metric trdc
dia.
Chung minh. Gia st x, y € X. Khi do,

+) Néu x =y, thi ta chonc:[0,0] > {x}. Boi thé,
ta thu dwoc ¢ 1a mot duong trac dia ndi X, y.

+) Néu x =y, thitaldy c:[a,b]—> X (a<b) Ia
mot duong di tuyén tinh ting khac ndi x,y sao cho
I(©)=d(x,y). Gia st 7={ty,...t;,ti.s,ty} 12 MOt
phén hoach cua [a,b] sao cho véi moi k €{0,...,.n—1},
ton tai e, € E, ¢, :[t.,t.,]1—[0,1] la &nh xa affine ma
Cly, .= fe OC,. Lap anh xa

¢:c([a,b]) > [0,d(x, )]
za ¢(z2)=d(x2).

Dau tién, ta chirarang ¢ duoc xac dinh dung dan. That
vay, lay d e[a,b] sao cho c¢(d) = z. Khi dé,

+Néu d 1a mot diém chia cua

7= {ty, ottt ]
thi ta tim dwgc mot duong di tuyén tinh ting khic y
ndi X,z sao cho

1() <1(c) =d(x,y).

Suy ra d(x,z) <d(x,y), kéotheo ¢(z) €[0,d(x, y)].

+Néu d khong la diém chia cua

7 ={tyr ettty ]

thi ta thém vao 7 ={t,,...t t.,...t,} mot diém chia
d ta thu dugc mot dudng di tuyén tinh ting khac » ndi
X,z ma I(y)<I(c)=d(x,y). Suy ra d(x,z)<d(x,y),
kéo theo ¢(z) €[0,d(x, y)].

Nhu vay, ¢ dugc xac dinh dung dén. Hon nifa,

#(x) =d(x,x) =0, g(y) = d(x,y).
Tiép theo, ta ching minh ¢ bao toan khoang céch.
Giasu 7,2, e c([a,b]), tas& chi rarang
d(z,,z,)=d(x,z,)—-d(x,2,)].
That vay, khéng giam tong quét, ta c thé gia sir ring
d(x,z,) <£d(x,z,), 7, # z,.
Boi Vi z,,z, ec([a,b]) nén ton tai d,,d, [a,b] sao
cho d, #d,, c(d,)=1z,c(d,)=1z,. By gio, gia su
d,>d,. Khi do, I(Cl,4;)=d(x, ). Hon nita, néu
[(Claq;) >d(X,z), thi ta s& tim duoc mét duong di
tuyén tinh ting khac ndi x,z, ma c6 do dai bé hon
1(Clap)- BO thé, ta tim dugc mot duong di tuyén tinh
ting khic néi x,y c6 do dai bé hon I(c). Suy ra
1(Clag;) =d(x,2), day 1a mot mau thuan. Nhu vay,
I(c |[a,d1]) =d(x,z).
1(Clag,;) =d(X,2,), suyra
d(X,2) =1(Clu4;) > 1(Clag,) =d(X 2,).

Diéu mau thuan nay ching to rang d, < d,.

Hoan toan twong tw, ta co

Ta lai c6
I(c |[d1,d2])2d(zl,zz).
Néu 1(C ly 4,;) > d(z,,2,), thi ta tim dwoc mot duong di
tuyén tinh tung khic ndi z,,z, c6 do dai bé hon

[(Cly, q,;)- Nhu vy, ta tim dugc mét duong di tuyén
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tinh ting khac néi x,y c6 do dai bé hon I(c). Piéu
mau thuan ndy ching 6 rang 1(C l, 1) = d(z,,2,)-

BGi Vi 1(C i q,) +1(Cl, ,1) =1(Clag,;) NEN
d(x,z)+d(z,z,) =d(x,z,),
kéo theo
d(z,,z,) =d(x,z,)—d(x,z)
d(z,,z,)=d(x,z,)—d(x,z)].
Tathdy c:[a,b] - X la duong di tuyén tinh ting khic,
cac anh xa affine lién tuc va vai moi d;,d, €[a,b] sao

cho d, <d,, taco

d (c(dy), c(d,)) <1(C g, )-

Do vay, c:[a,b] > X la anh xa lién tuc, kéo theo
c([a,b]) la tap con lién thong cua X. Mat khac, vi ¢
bao toan khoang cach nén né ciing lién tuc. Hon nira, vi
¢ nhan giatri 0 va d(x,y) nén
¢:c([a,b]) > [0,d(x, y)]

I toan &nh. Cudi ciing, vi ¢ la bao toan khoang cach nén
n6 ciing 1a song anh. Nhu vay, [0,d(x,y)] ding cu véi
c([a,b]) va c:[a,b] > X 1a duong tric dia ndi x,y.

Tir ching minh trén ta suy rarang (X,d) la khong
gian metric tric dia.
3.2. Panh gia

Céc két qua trong bai bao nay co y nghia vé mat Iy
thuyét va gép phan quan trong trong Ly thuyét nhém
hinh hoc.

4.Két luan

Trong bai bao nay, ching t6i chang minh rang
chiéu dai cua mot duong di tuyén tinh timg khc bat ky
trong mot khéng gian metric X khéng phu thudc vao cac
phép phén hoach 7z ctia doan [a, b] va céc anh xa affine
Ck, V& V6i hai diém x va y bat ky trong X, luén ton tai
mot duong di tuyén tinh ting khdc ndi x véi y. Qua do,
chling t6i d4 x4y dung dugc mot metric d trén X ma (X,
d) 1a khéng gian metric tric dia trén X.
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GEODESY OF GRAPHS

Abstract: In this article, we firstly prove that the length of every piecewise linear path in a metric space X does not depend on
the partitions 77 of section [a,b], and affine mappings ¢« defined on section [t, tx.1]. Secondly, we prove that with any x and y in a
metric space X, there exists a piecewise linear path joining x to y. Thirdly, we prove that the formula

d(x,y) = inf {I(c): c is a piecewise linear path joining x to y}

is a metric on X. Finally, we prove that with the metric defined above, (X,d) is a geodesic metric space.

Key words: graph; metric space; geodesic metric space; geodesic path; piecewise linear path; affine mapping.
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