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CAC HAM PHAN KY LIEN QUAN DEN TiNH HYPERBOLIC
Lwong Quéc Tuyén®", L& Thi Thu Nguyét?

Tém tat: Gia st (X,d) 1a mot khéng gian metric va x,x, € X. Khi d6, mét phép nhing déng cy
7:[0,d (%, %,)] = X sao cho #(0)=x,7[d(x,%,)]=x, dwoc goi la mét tric dia gitra x,X,. Khong gian
metric (X,d) dwgc goi la mét khong gian metric tréc dia néu gitra hai diém bat ky cia X tén tai mot
trdc dia. Khong gian metric (X,d) dwoc goi la khdng gian hyperbolic néu moi tam giac tréc dia trong X
la thin. Trong bai b&o nay, ching téi chirng minh rang trong mét khdng gian metric hyperbolic X tdn tai
1

2 315

ham phan ky tréc dia e:[0,0) —>; théda man e(0) = max{9,5}, e(r) = 2" Hon niva, ching toi da

ching minh két qua réng trong khong gian metric tric dia (X,d), néu tdn tai ham phan ky e(r) sao cho

e(r)

22 50 khi r—oo, thi (X,d) la mdt khéng gian metric hyperbolic, va méi tam giac trc dia A trong

r

X d&u cé minsize (A) < 2r, +e,.

Tir khéa: Khong gian metric; khéng gian metric tréc dia; khéng gian metric hyperbolic; ham phan ky;

thin.

1. Gi¢i thiéu

Khoéng gian metric tric dia va khong gian metric
hyperbolic di dwoc nhiéu nha toan hoc trén thé gigi
quan tdm tir nhitg nam 90 cua thé ky trude dén nay.
Rat nhiéu két qua lién quan dén cac khong gian nay da
duoc dua ra boi cac nha toan hoc nghién cuu vé Ly
thuyét nhom hinh hoc. Qua d6, cac tac gia da dat ra
nhiéu bai to4dn mo ma dén nay van chua co 10i giai
(xem [1, 2, 3]).

Trong bai bdo nay, trudc tién ching tdi chitng minh
rang trong khdng gian metric hyperbolic X ton tai ham
phan ky trac dia c6 dang mil, va trong khong gian metric
tric dia (X,d), néu ton tai ham phan ky e(r) sao cho

@—M)o, khi r — oo, thi (X,d) I& khéng gian metric
r

hyperbolic.
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2.Co s& ly thuyét va phwong phap nghién ctru
2.1. Co’ s& ly thuyét

Giasir (X,d) lakhong gian metric, p:[0,1] — X
[a mot duong trong X, 7 =[t, =0,t,....t, =1] la mot
phéan hoach cua [0,1] va

I7r = Zd [ p(ti—l)! p(ti)]'
i=1
Khi d6, néu ton tai 1(p)=supl_, thitanéi p la duong
cdu trwong dwoc va 1(p) duoc goi la dé dai cua p.
bat
I'={p:p laduong cau truong duoc}.

Khong gian (X,d) duoc goi la khdng gian metric
duong hay khéng gian metric d¢ dai néu véi moi
X, X, € X, tacd

d(x,x,)=inf{I(p):pel, p ndi x,x,}.
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Gia su (X,d) la khong gian metric, XX, € X.
Khi d6, mot phép nhing dang cu  :[0,d(x,, X,)] > X
thoa man y(0) =x,y[d(x,%,)]=xX, duoc goi la mat
trdc dia gitra X;, X, .

Khong gian metric X duoc goi la khong gian
metric trdc dia néu véi hai diém bat ky cuia X, ton tai
mét tric dia gitra chang.

Gia sir (X,d) l1a mot khong gian metric tric dia,
A=[xy,z] la mot tam giac tric dia trong X, va
¢, €ly.z], ¢, €[z,x], ¢, €[x,y] thoa man

d(x,c,)=d(x,c,),

d(y,c,)=d(y.c,),
d(z,c,)=d(z,c,).

Khi dé, c,,c,,c, duoc goi la cac diém internal cua A.
Hon nira, A dwoc goi la & -slim néu
min{d (w,[y, z]),d(w,[z,x])} < &
v6i moi welx,y], va A duoc goi la & -thin néu
max{d(c,,c,),d(c,,c,),d(c,,c,)} <0,

trong d6, c,,c,,c, lan luot la diém internal cua [y, z],
[z,x], [xy]

- Khéng gian metric tric dia (X,d) duoc goi la

khéng gian hyperbolic néu moi tam giac tric dia trong
X 1a & -thin.

Gia sir (X,d) 1a khong gian metric tric dia. Ta ndi
e:[0,40) = ; 1a ham phan ky trén X néu véi moi
X e X vavéi moi tric dia y,77 xuat phat tir x dén v,z

trong X sao cho v&i moi r,R>0, taco
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R+r<min{d(x,y),d(x,2)},

d(7(R).n(R)) > &,
Khi d6, véi moi duong di p trong X \Bg,, (X) ndi
y(R+r1) v6i n(R+r), taco I(p) =e(r).

s

>e(0) T{R;r'( R+T)

Néu ton tai mot ham phan ky trén X, thi ta néi
rang phan ky trac dia trén X.
2.2. Phwong phap nghién ciru

Chlng t6i st dung phuong phdp nghién ctu ly
thuyét trong qua trinh thyc hién bai béo. Nghién cuu tai
liéu cua cac tac gia di trudc dé dua ra nhitng két qua
mai.

3.Két qua va danh gia
3.1. Két qua
3.1.1. Binh li. Trong mgt khéng gian metric hyperbolic
X, ton tgi ham phan ky trac dia e:[0,00) = | ¢6 dang
mil, nghia la
e(r)=caa’, trongdo r,a>0;a>1.

Cheng minh. Gia st 6§ >0. Khi do, vi X la khoéng
gian hyperbolic nén moi tam giac tric dia trong X la
0 -thin. Ta dat

e(0) = max{9, 6}, e(r) = 23}1,5 2"

Lay y,7"' Ia hai tric dia c6 do dai R+r xut phat tir x
sao cho

d(#(R),7'(R)) > &(0),
va p la duong di tr y(R+r) &n y'(R+r) ma p
khéng nam trong By, (x). Ta phai ching minh
1(p) > e(r).
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Chon diém p, nam giira dwong cong p. Boi vi
tam giéc tric dia
[P(R+1), 7' (R+1), Py ]
la 6 -thinnénnd la § -slim. Do d9, ta tim duoc
v, €[ P, 7' (R+1)]

hoac

Vi G[po,}/(R—i-r)]

Dau tién, ta s& chang minh I(p) > 2. That vay, s20 cho d(v,.v.) <&
01V1) S 0.

Truong hop 1. Néu r <1, thi 2
rirong hop ¢ Tuwong ty nhu vay, ta s€ tim dugc cac diém

I(p)>d(y(R+1),7'(R+T)) V.V, Hon nita, ta c6 d(y(R),v,)<5 hoic
2d(7(R).7'(R))-2r d(7'(R),v,) < S. Diéu ndy suy ra rang
>9-2r>7>2.

, , R+r<d(x,P)<d(y(R),P)+R
Truong hop 2. Néu r =1, thi ta 1ap duong trac dia

a néi y(R+r),7'(R+r). Gia st v, 1a diém gitra cua < ‘f4?+'1435+|(2_rn))+ R

a. Ta xét cac diém internal cua tam gi4c trac dia < 5(|ng [I(p)]+2)+ R+1,
[X 7(R+1), 7' (R+1)]. Ké0 theo

Boi vi r <5(log, [1(p)]+2)+1.

d(7(R+n),7'(R+r))>e, >6
(HR+1). R+1)) > Do dé, ta co

nén diém internal cua tam gic trén canh [x,7(R+T)]

1 r
I ———=29 =¢(r).
thudc doan [X, ;/(R+r)]. Do vay, (p) > 93115 ()

Nhu vay, ta di tim dugc ham phan ky tric dia thoa

d(y(R+r),w,)>1. X
(7( )W) man yéu cau cua dinh Ii.

Tuong ty, ta c6 3.1.2. Dinh Ii. Gig st (X,d) la mét khdng gian metric
d(7'(R+r)u,)>1. tric dia. Khi dé, néu ton tai ham phan ky e(r) sao cho
Do 46, ta thu dugc &0 o khi r—>oo thi (X,d) I3 mét khéng gian
I(@) =d (y(R+1),v,)+d (v, 7' (R+T)) r
‘ metric hyperbolic.
=d(y(R+r),wy)+d (7'(R+1),uy) ) ) R
59 Ch#ng minh. Chon ¢, >¢(0), ¢, >0. Khi do, vi
o e(r . e(r) ©6e . R
Nhu Vﬁy. |(p)2|(a)22 %—)0 nen ¥_TO_)OO khi r — 0. Boi the, ton
Bay gio, ta chung minh 1(p) >e(r). That vay, vi  tai I, >0 sao cho véi moir > 1, taco
I(p) =2 nén log,[I(p)]=1. Tachon ne¥" sao cho e(r) 6e, o4
r ro

log, [I(p)] < n<log,[I(p)]+1.
Diéu nay suy ra rang
I(p) < 2" <2I(p).
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Pat 6 =2r,+2e,. Dé hoan thanh ching minh, ta chi
can chang to ring mdi tam giac tric dia A déu co
minsize (A) < 6.
That vay, gia sit A =[x, y,z] latam giéc tric dia bat
ky caa X. Khi do,
- Néu véi moi uelxy], ve[x,z] sao cho
d(x,u) =d(x,v) tadéuco d(u,v)<e,, thi
minsize(A) <e, <d.
- Néu nguoc lai thi, ton tai u, e[x,y], v, €[x, 2]
sao cho
d(x,u) =d(x,v), d(u,v) >e,.
Do d6, ton tai X, €[X, Y], X, €[x,z] sao cho
d(x,u) =d(x,v), d(x,X,)=¢,,
vavéi moi X "e[x,x], X, €[x,x,] thoa mén
d(x,x)=d(xx,),
ta déu co d(x ', x,") <e,.
Ldy o, =min{d(x,z),d(y,2)}. Khi dé, v6i moi
a €[0,¢,], chon u,, v, €[X,y] sao cho
dix,u)=ca, dxv,)=a.

Xét ham

aa pla)=d,.v,).

Taco

lp(@) —p(a) | =d(u,,u,)+d(v,,v,)
=la-a'|+|a-a'|

=2|la-a'l.
Suy ra ¢ lién tyuc. Hon nira, vi

#(0) =0, p(d(x,uy) > €&
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nén ton tai a€[0,¢,] sao cho ¢(a)=¢, Do do,
o {e) =9 [0, ],

(CY)
o = minwil({eo})- Chon

va doéng trong kéo theo

la tap con compact. Boi thé, ton tai

X =U, % =V,.
Ta ching to6 ring ¢(a)<e,. That vay, gia su
p(a) >e,. Khi do, ton tai Se(0,a)
¢(p)=¢,. Suyra

o <f<ala,

sao cho

day la mot mau thuan. Nhu vay,
o(a) < e, véimoi a €[0,,].

Hoan toan twong tu ta cling thu dwoc két qua nhu
trén d6i véi cac dinh vy, z.

Lay v, €[y, z],y, €[y, x] sao cho
d(y,y1) =d(y.y,). d(¥1. Y,) = €.
Khi do, véimoi uely,y,], vely,y,], taco
d(y,u)=d(y,v), d(u,v) <e,.
Do d6, ton tai z, €[z,x], Z, €[z,y] sao cho
d(z,z)=d(z,z,), d(z,,2,) =€,
va v6i moi uelz,z], velz,z,], d(z,u)=d(z,v), ta
c6 d(u,v) <e,. Tathdy rang, néu x €[y,,y], thi
minsize (A) < 2e, < 6.
Do d6, ta chi can xét
Yo € (X, ¥), 2, €(2, Y1), X, € (X, Z).
By gio, ta dat
L =d(x,¥,), L, =d(x,2,), Ly =d(z,X,).
d(x,x)=a,d(y,y,) =b,d(z,z) =c;

_B{xa+2| B =B(ybso
Bl_B[x,a+2j,Bz_B(y,b+2j

Khong mat tinh tong quat chdng ta c6 thé gia s rang

L, > max{L,, L,}.
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Goi U=0B, N[x,z], v=0B, N[y,z]. Khong giam téng
quat, ta gia st d(z,u) <d(z,v). Tachitng minh
[u,z]NintB, =&.

That vay, gia st nguoc lai ring, ton tai
s e[u,z]NintB,. Khi do, ta chon t €[v, z] sao cho

d(z,s) =d(z,1).
Suy ra
d(y,t)+d(t,z) =d(y,z) <d(y,s)+d(s, 2).
Do @6,
d(y,t)+d(t,z) =d(y,z) <d(y,s)+d(t,2).
Boi thé, d(y,t)<d(y,s). Mat khac, vi seintB, nén

d(y,s)<b +%. Diéu nay dan dén mau thuan.

Goi w la diém nam gita [x,Y,]. Khi do, vi
B,nintB, = nén ta chon mjt duong di thr w—Vv
nam ngoai intB,, va chon mot duong di tir w— X, la
doan [w, x ]. Ta co,

- Néu a<e,, thi ta chon duong di tir x, dén X,
theo duong p =[x, X]U[X, X,]. Khi do, do dai duwong
gap khic nay la

I1(p) < 2e, < 3e,.
-Néu a>e,, thitachon M €[x,x] sao cho
d(M,x)=¢,
va chon N €[x,x,] sao cho

d(N,x,) =¢,.

Bay gio, ta xét duong gap khic y = x, MNx, nhu sau:

- Puong di tir x, > M nam trén [x, y];

- Puong di tr M — N 1a duong tric dia néi M
vai N;

- Puong di tir N — X, nam trén [x, z].
Khi d6, d6 dai cua duong ¥ 1a 1(y) <3e, va y cintB,
kéo theo y nintB, =J. Do do,

L, L, L,
el = |<I <2+3e,+L +3e, +—=
< 2L, +6e,.
Suy ra
)
e(
2 S4+12e0’
L
2
kéo theo
{3) &
\2) 08 _,
L L
2 2
Bai thé, %S r,, vatathu dugc |, < 2r). Nhu vy,
minsize (A) < 2r, +¢,.
3.2. Panh gia

Chung t6i tim thém dugc mot ham phan ky tric dia
c6 dang mii duoc thé hién trong chitng minh caa Dinh Ii
3.1.1, cu thé:

1,
e(O) = maX{9,5}: e(r) = 23+1/5 2 /5,

Hon nita, néu trong khdng gian metric tric dia ton tai

ham phan ky e(r) sao cho w—)oo khi r — oo, thi
r

moi tam giéc tric dia A trong X ta déu cé

minsize (A) < 21, +&,.
4.Két luan

Trong bai b4o nay, ching toi da ching minh ring
ton tai ham phan ky tric dia c6 dang mi trong khong
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gian metric hyperbolic, va dua ra diéu kién dé mot  [1] Martin R. B. (1999), Metric spaces of non-

khong gian metric tric dia la khong gian metric positive curvature, Springer-Verlag, Berlin.
hyperbolic. [2] Batty M. (2003), Notes on hyperbolic and

automatic groups, preprint.
[3] Howie J. (2015), Hyperbolic Groups Lecture

Tai liéu tham khao N
: Notes, preprint.

DIVERGENT FUNCTIONS RELATED TO HYPERBOLIC FEATURE

Abstract: Let (X,d) be a metric space and XX, € X. Then, an isometric embedding y:[0,d(x,X,)]—> X such that
7(0) =x, y[d (%, Xz)] =X, is called a geodesic between X;,X,. A metric space (X,d) is called a geodesic metric space if between
every two points of X, there exists a geodesic, and a geodesic metric space (X,d) is called a hyperbolic metric space if every

geodesic triangle in X is thin. In this paper, we prove that in the hyperbolic metric space X, there exists a geodesic diverge

.2"%_ Futhermore, we prove that in a geodesic metric space (X,d),

function e:[0,00) — ; satisfying e(0) =max{9,5}, e(r)=

e(r)

if there exists a divergent function e(r) such that —~* —> o as r—oo, then (X,d) is a hyperbolic metric space, and each
r

23+1/5

geodesic triangle A in X has minsize (A) < 2r; +¢,.

Key words: metric space; geodesic metric space; hyperbolic metric space; divergent function; thin.
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