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Toém tat: Trong céc dinh ly gi¢i han cla ly thuyét xac suét thi Dinh ly gi6i han trung tam déng vai trd quan
trong trong nghién ctu théng ké va (rng dung. Tuy nhién, bai toan théng k& néi chung khéng cho phép

chiing ta nhién cru v&i & mau Ién v han. Vi vay bai toan “xap xi phan phdi chudn” cho phép chung ta
wéc lwgng dwgc ¢& mau can thiét dé co thé ap dung dwoc Binh li gidi han trung tam. Nam 1970, Charler
Stein da gi¢i thiéu mot phwong phap xap xi phan phdi chuan mai va duoc goi la phuong phép Stein. Cac
két qua nghién ctru chi yéu dbi vai day bién ngau nhién doc lap. Trong bai bao nay, ching t6i thiét 1ap mot
s6 két qua vé xap xi phan phéi chudn déi v&i day bién ngdu nhién hiéu unordered martingale. Cac két qua
nay la mé rong clia cac két qué dbi véi day bién ngdu nhién doc 1ap.

Tir khéa: xap xi phan phéi chuan; bién ngau nhién; hiéu unordered martingale; b4t déng thic Berry-

Esssen; dinh li gi&i han trung tam.

1. Gi&i thiéu
Cho(X,;neN") 1a day bién ngau nhién co ki vong
0 va phuong sai o2 hitu han. Bt S, = X; + X, +...+ X,
Ki hiéu F,(x) va @(x) lan luot 1a ham phan phdi xéac
suit cua bién ngiu nhién S /o+/n va bién ngiu nhién
chuan tic. Binh Ii gisi han trung tm cé dién néi rang:
néu(X,;neN") la ddy bién ngau nhién doc lap, cung
phan phéi xac suat thiF,(x) hoi tu dén ®(x) khi
n—o0 v6i moi XxeR . Toc do hdi tu caa dinh Ii gioi
han trung tdm duoc Berry [1] va Esseen [4] chi ra rang:
sug| F,(X) - ®(x) [=0(n"Y?) khin— .
xe
Trong bai b&o nay ching t6i nghién gtru téc do hoi
tu dinh li gi¢i han trung tdm cua ddy bién ngau nhién
hiéu unordered martingale.
Dy bién ngau nhién (X,;neN")xac dinh trén

khéng gian xac suit (Q;F;P) dugc goi la hiéu

a.Trudng Pai hoc Sw pham, Pai hoc Ba Ndng
b-Hoc vién cao hoc K27 Todn so cdp, PHDN

* Lién hé tac giad

Lé Van Diing

Email: lvdunght@gmail.com

bién thoai: 0935110108

unordered martingale néu thoa mén hai diéu kién:

(M E(X;) <o Vi,

(i) E(Xj /Fj):0 Vj, trong do F; =o(X; i # j).

Khéai niém hiéu unordered martingale trén dugc
Choi va Klass dua ra trong bai bao [2]. Khai niém nay
dugc ching tdi mo rong nhu sau:

Cho m la sé nguyén khéng am. D&y bién ngau
nhién (X,;neN") dugc goi 1a higu m-unordered
martingale néu thoa man hai diéu kién:

(M E(X;) <o Vi,
(i)Vei mdi =1 E(X;/F)=0 véi moi
j=i+1...,i+m,

Trong d6 F;la o - dai sb sinh boi cac bién ngau

nhign {&, j <i} va{&;, j >i+m}.
Nhu vdy mét ddy nhiing bién ngiu nhién hiéu
unordered martingale 12 hiéu O - unordered martingale.

2. Co s& ly thuyét va phwong phap nghién ctru
Dé chitng minh két qua chinh ta can nhic lai mot sb
khéi niém va tinh chit cua phuong phap Stein.
Goi Z la bién ngdu nhién c6 phan phéi chuan tic.
Vsi h sao cho

la ham lién tuc tuyét ddi
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E|h(Z)|< oo . Phuong trinh sau dugc goi 1a phuong
trinh Stein.
f'(w)—wof (w) =h(w)—Eh(Z)

Nghiém tong quéat f = f, ctia phuong trinh Stein la:

f(w)= ez j:[h(x) - Eh(Z)]e%dx

Nghiém f = f, c6 mot sb tinh chat sau (xem [3]):

@]l < 2|
(ii) | fa| <27 7 ]
(i) £ <2[|n7.

2.1. Pang thirc Stein

Cho &,&,,...,&, 1a nhing bién ngau nhién higu

n
unordered martingale sao cho z E& =1. pit

W::i;,

WO =W -&,
Ki(t) =E{g (I{Ostséi} - I{gist<0})}-
V6i h 1a ham lién tuc tuyét ddi sao cho

E|h(Z)|<oo, goi f =f, Ia nghiém cua phuong
trinh Stein. Ta c6:

EWf,(W)] = E[(Z::é) fnW)l= Z:E[fi frW)]
= Z::E[é (W) fW®))] (do E(&F;)=0,vi)
- Z::E[e;i jj‘ ' ® +t)dt]
:ZE[_; j: W ® +tydt]

=Dl WO 05 oy ~ 15 a0)]
i=1

:ir’ ELf, W +)]K, (t)dt
i1

Talai co6
n 0 n
ZJ' Ki(tdt=> E&? =1
i 7 i-1
nén

EfW) =ER W) [ Kt
i=1

= B bt
i=1
Do @6,
L W) ~WH, ()]
=2 L) - WO + 03K Ot
i=1

Vi vay ta co:

Eh(W)—Enh(Z) =[f'(W)-Wf (W)]

= Z [T ELF W) — f WO+ 03K, Ot
bing thl;:: trén dugc ching t6i goi 1a Pang thic Stein.

2.2. Binh li ([3], Pinh li xap xi phan phdi chuan
téng quat)

Gid s ton tai hang s6 0 >0 sao cho véi mei ham
Lipschitz h a d@éu cé:

|E(hW))—E(h(Z)) < S IIN |
Khi do,
| F, —@l = sup |[E(hW)-E(h(Z)) <

hel (1)
va

IR, —®I,
=sup|P(W < X)—P(Z < x)[< 2[5

xeR

3. Két qua va danh gia

3.1. Binh li
Cho &,&,,...,&, 1a nhing bién ngdu nhién

unordered martingale théa man E | & < oo vsi méi
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1<i<n,va D EE =1 pit W =4 +..&,. Khi
i=1
do ta co:

| Ry —@IL,<3) EI&F

i=1

| F, —@ll <2 /3ZE | £ .
i=1

Chirng minh. T dang thuc Stein:

Ef, (W) -Wf, (W)
=" L) - W O + 03K Ot
i=1

va

va theo tinh chat nghiém cia phuong trinh Stein
I fI1<2 hl | taco:
| Efy (W) —Wf, (W) |

SifiEl fW) — F WD 1) K, (0t
=)
=ij_°;E| WD+ £8) f WO+ [K, bt
=)
<21l hi i]’iEq & |+ ]tDK, (Ot
=
<21l hi i('[:|t| K, (t)dt + I:E & 1K, (OdD)
=
=21 Wi iz:‘(%é'swgi | EE?)
<2l h g(%ﬁﬁlé )

n
=3l Y ElEP
i=1

Ap dung Dinh 1i 2.2 ta c6 diéu phai chang minh.

3.2. Dinh Ii

Cho &,&,,...,&, 1a nhitng bién ngau nhién hiéu

n
unordered martingale théa man Z EE? =1. Khi ds
i=1

| Fy —qll SA4(45, +3,B3)
va
| R, -l <2,/4(45,+38,)

Vol
B=2. E§i2|{|:i|>1} vag,=> El&F |-
i=1 i=1

Chirng minh. Str dung cac tinh chit nghiém cia
phuong trinh Stein ta c6

| frw) - fr WO +t) 4 frw® +5) - frw® +1) |
4l & -t fll (& ]+t])

<2 hll (& |+]t]).
hon nira,

| W) = frW @ )] o frw) [+ frW D+
<4l hll +4 hil =8l hll .
Suy ra

| /W) — frW® +1)
<min@ hl,2 hTI (& |+]t])

g m ming Ity
4

<8l hll min(L| & | +t)
<8l W ([t]AL+] & | AD) .

Mt khéc tir Bang thirc Stein ta c6
| Eh(W) —Eh(Z) |

<l il Zn: j TE{Jt AL+ & | ADK; ()t
i1 "
gl hil i(jw E(It| ADK; (t)dt
-1 °°

+[ B4 1ADK; )
Suy ra
| EnW) -~ En(2)|

<dl hi anj'm E{|t| ADK, (t)dt + EGZE(| & | AD).
i1 "

Pit
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n o0

A=Y [ EtIALHI & AT (Odt
i=1

Taco

[~ 01 AK110,0 0= 1 O

%|x|+|x|(|x|—1) khi [ x[>1
%|x|3, khi | x|<1

Vi vay

A:Z(I: E{[t| Al+] & | ALK, (D)t
i=1

=Y GEEF g
i=1

+E{(%|§i |+1& 106 |—1))|{|¢;|21}}+ EfiZE(| & 1A2)

=D (EUSP lygpn- S B g}
i=1
+% E{1& P lygapd+ EEE( & | AD)

~ Bty Pt Y EEE( A
i=1

1 n
_E.Zl: E{& 1 gepnt

<Pyt ﬁ3+ZE§. E(& [AD.

i=1
Mat khac, vi ca hai ham x> va (X A1) l1a ham

tang theo X > 0, véi bién ngau nhién &, ta co

ECE(SIAD<ES (414D

=E{1& P gyt ES g

Suy ra

SESE(4 1D

< Zl: EI&P Ly + Zl: BN gern = 5o+ B

Vi vay

Eh(W)—Eh(Z) |
<dl hi (2,82+g,83):4(4,82+3,83)ll il

Ap dung Dinh i 2.2 ta c6 diéu phai ching minh.

Tir Dinh 1i 2.6 ta thiét lap duge Dinh ly gidi han
trung tim Lindeberg ddi véi day bién ngiu nhién hiéu
unordered martingale sau.
3.3. Hé qua

Cho X,, X,,..., X, lanhiing bién ngau nhién hi¢u

unordered martingale théa mén E(Xiz) <00, Pgt
n n
=> X, vaB?:=> EX’
i=1 i1
Néu Ve >0,

LS E{XPyy e >0, khin >0
nh i=l
thi
sup|P(S,/B,<z)—®(z)|>0khin— .
Chitng minh. Dt & =X, /B, vaW =S /B, . Khi
do fi la nhimg bién ngdu nhién hiéu unordered

martingale thoa méan:

EGiIF) =5 L E(X[F) =0
ZEgiz_ ZEX2
i=1 ﬂ i=1

n
va bién ngau nhien W = Zfl
i1
Véi 0 < & <1 batky taco

b +ﬁ3
ZE{X |{|X|>B }}"' 3ZE{|X | I{|x <B, }}
n i=1l n i=1
n
22 {X L, -8, e 3ZE{|X | g, |<an}}
n i=1 Bn i=1
1% 3
—32 EUXi I s <ixi<e, 3t
B, o
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ZE{X st}

n i=1

< Z E{X1gx, |>Bn}}Jr
i=1

i
n
1 2

—zZE{Xi | o, <83}
n i=1
n

1 £ %
:_22 {Xi2|{|Xi|2an}}+?ZE{Xizlﬂxikan}}

n i=1 n =1

n n
£
—2 Z {Xi2|{|xi|>gsn}}+—82 ZEXf
n i=1l

n a1
ZE{X Lax,>e8.33 € (%)
n i=1
Néu Ve >0
ZE{X. axps 0, khin— oo
r| i=1
thi tir (*) suy ra 3, + 83 = 0, khi N — o0 Theo
binhly 2.6 taco
sup| PW <z2)-®(2) |
z

:sup| P(S,/B,<z)-d(z)|

=2J4(43;, +3/3%,)

<8f,+ ;s > 0khin—>oo.

I\J\l—‘

<20

3.4. Pinh li

Cho &,&,,...,

&, 1a nhiing bién ngau nhién higu

n
M -unordered martingale théa méan z EE? =1. vsi

mi i, dat A ={i+L...i+m}, n=>¢.
iA
Khi dé
|, —dll <&
va
| Fy -l <25
Voi

o=4E| Z{fﬂ?i - E{fjﬂi}}l +ZE | é:i77i2 l

ied il

trong d6 W =§1+...+§n.

Ching minh. Goi f = f 1a nghiém cua phuong
trinh Stein. Ta co:
EQWF,W)}=EQ & f,(W))
ied
= ZEé[fh(\N)— f,(W —n,)]
ieJ
Vivay
E{Wf, (W)} =
ZE{é:i[fh(\N)_ fo(W —n;) =7 f,(W)]}
iel
+ E{(Zém) fa (W)}
ied
Mit khac, do E(&;|F;)=0, Vvj=i+1..,i+m
nén ta co:
1=EW? = E{Y £W}= Y E{5W}
ied ied
= Z E{&W —7)+m&}= Z E{n&}
ied ied
Do vay
E{f, (W) -Wf, (W)}
= E[() E{&mY) fy W)] - E{W, (W)}
ied
=—EQ {&m —EEn)N frw)
ied
=D ELEL W) — fy W =) =77 T (W)]}-
ied
Mt khéc, theo tinh chat nghiém cua phuong trinh Stein

taco| fll <4l hll val f1<2 hll .
Ap dung khai trién Taylor ta dugc

2
f W —77,) = f, (W) =7, fh'(W)+’77i Fr(W) +..

< W) =7 fy (W) + 7211 11

Do vay
[h(W)—Eh(Z) |4 hl {4E| 3 {&m — EEm)}
+Z E| fiﬂiz |}

Ap dung Dinh 1i 2.2 ta c6 diéu phai chang minh.
3.5. Panh gia

Khéai niém ddy bién ngiu nhién hiéu ungrdered
martingale 1a mot mo rong cua khéi niém day bién ngau
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nhién doc lap, twong tw nhu vay, khai niém hiéu m -
unordered martingale cling 13 mot mé réng cua khai
niém m — phu thugc. Vi du minh hoa cho sy ton tai cac
khai niém nay nhu sau:

Cho (Y,;neN")la day bién ngdu nhién m — phu
thugc, c6 cung phan phdi xéac suit Bernoulli déi xing,
tic la

P(Y, =—1) = P(Y, =1) =1/2.

Véi (X,;neN")la ddy bién ngau nhién bat ki c6 ki
vong hitu han va doc lap véi day (Y,;neN").Dit

& =X.,Y,, khi d6(&;neN")ciing 1a day cac bién

n'n-

ngau hiéu m - unordered martingale.

4. Két luan

Viéc nghién ctu Bat dang thirc Berry - Essen bang
phuong phap Stein da dugc nhiéu tac gia nghién cuu,
dac biét 1a nhém nghién ctu cta gido su Louis Chen
(Pai hoc Quéc gia Singapore). Trong bai bao nay ching

toi da thiét lap dugc mot sb két qua ve toc do hoi tu cia
dinh 1i giéi han trung tdm doi véi day bien ngau nhién
nhién hiéu unordered martingale bang phuong phap
Stein.
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NORMAL APPROXIMATION FOR UNORDERED MARTINGALE DIFFERENCE SEQUENCES

Abstract: Of all the limit theorems of the probability theory, the central limit theorem plays an important role in statistical
analysis and its application. However, statistical problems cannnot be solved with infinitely large sample sizes, so the problem of
“normal approximation” helps to estimate the required sample size to apply central limit theorems. In 1970, Charler Stein introduced
his startling technique for normal approximation which is now known as Stein's method. This paper establishes some results of
normal approximation for sequences of unordered martingale difference random variables. The results are the extension of those of

the independent random variables sequences.

Key Words: normal approximation; random variables; unordered martingale difference; Berry-Essen inequality; central limit

theorem.



