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VE MODUN SOC - PHAN PHU
Truwong Cong Quynh™

TOM TAT
Cho A, B la cac médun con ctia médun M. Médun con A duwoc goi la phéan phu cia B

trong M néu M=A+Bva AN B =< A. Médun M dwoc goi la phan phu néu méi médun con ctia
M déu cé phan phu trong M. Lép cac moédun nay da duwoc nghién clru trong cac nam gan day.
Dac biét ngwdi ta nghién clru dac trwng cta I&p vanh va médun nlra hoan chinh va hoan chinh
théng qua I&p médun phan phu. Nam 2004, Wang va Ding da dwa ra mét trwéng hop téng quat
ctia médun phan phu dé la médun tdng quat phan phu va nghién ctu ching. Theo d6, mot
moédun M dwoc goi la phéan phu téng quéat néu cho méi médun A cia M thi tdn tai médun con
B clia M sao cho M=A+B va AN B < Jac(A). Trong bai bao nay ching t6i dwa ra khai niém
soc-phan phu va ap dung ctia chiing trong mét sé 1&p vanh va médun da biét.
1. Giéi thiéu

Trong bai bao nay, vanh R di cho ludn duoc gia thiét 1a vanh két hop c6 don vi
1#0 va moi R-mddun dugc xét [a médun unita. Trong muc nay, chiing t6i gidi thi¢u
nhimng khai niém co ban duoc sir dung trong bai bdo. Mot sé khai niém khéac lién quan
dén bai bao chiing ta c6 thé tham khao trong Nicholson va Yousif [5], Wisbauer ([7]).
Véi vanh R da cho, ta viét M, (twong ting, ;M ) dé chi M 1a mot R-modun phai (t.u,
trai). Trong mot ngit canh cu thé cua bai bao, khi khéng so nhdm 1dn vé phia cua
modun, dé don gian ta viét modun M thay vi M,. Chung ta dung cic ky hiéu
A<M (A<M)déchi A 1a mddun con (t.u., thyc sw) cia M. Cho M va N la c4c R-
modun phai. Pong cu tir M dén N ; ky hiéu M — N duoc hiéu 13 R-dong ciu tir M dén
N. Ky hiéu End (M) 1 tap tit ca cac dong cau tir M dén M (hay con duogc goi 1a tap tat
ca cac dong cau cua M). Cho M 1a mdét R-modun phai va tap X 1a tdp khac rdng cta
M. Linh hoa tir phai cia X trong R duoc ky hi¢u la ry(X) va dugce xac dinh nhu sau:

r,(X)={reR|xr =0, ¥x e X}.
Khi khong s nham 14n ta c6 thé viét gon 1a r(X) thay vi ry(X). Khi X ={X, X5, X }

thi ta viét r(X,X,,...,X,)thay vi r({X,X,,....X,}). Ta cd ry(X)la mot idéan phai cia

vanh R. Trong sudt bai bao nay ching ta ky hiéu U(R) 1a tip tit ca cac phan tir kha
nghich cua R.

Mot vai nim gan ddy, hudéng nghién ctru mé rong cia ciac moédun xa anh va
modun phan phu d3 dugce nhiéu tic gia quan tim nghién ctru. Pic biét hudng nghién
ctru thong qua modun phan phu d c6 nhiéu két qua ap dung dén 1y thuyét ciia cac vanh
c¢6 dién. Nhu ching ta dugc biét mot vanh R 14 nira hoan chinh néu Rr 1a médun phan
phu hodc tuong duong moi modun don c6 phu xa anh. Mot vanh R 1a hoan chinh phai
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néu moi modun phai déu c6 phu xa anh. Tir cac két qua nay di c6 nhiéu tac gia nghién
cuu vanh va modun thong qua phu xa danh. Nam 2008, Nicholson va nhom nghién ctru
ctia minh d3 téng quat khai niém phu xa anh va di dua ra khai nién I-pht xa anh va tir
d6 cac tac gia da thu duoc mot sb két qua dic trung cho 16p vanh va modun [1].

Niam 2000, Zhou d3 xét 16p cac moédun con suy bién va tac gia di dua ra khai
niém modun con & -bé ([9]). Mot s6 didc trung va tinh chat ciia 16p moédun con nay da
nghién ctru mot cach day du. Dic biét, tac gia dd dua khai niém vanh & -ntra hoan chinh
va & -hoan chinh va nghién ctru chung thong qua & -phu xa anh. Tiép tuc hudng nghién
ctru ciia Zhou, tac gia Kosan da xay dung khai niém & -phan phu [4]. Cac dic trung cia
16p médun & -phan phu da duoc nghién ciru va cac dic trung cta vanh & -nira hoan
chinh va & -hoan chinh thong qua 16p médun & -phan phy ciing di dugc dua ra.

Nam 2004, Wang va Ding da dua ra mot truong hop tong quat cia modun  phéan
phu d6 1a moédun phan phu tong quat ([6]). Theo d6 mot médun M duoc goi 1a phan
phu téng qudt néu cho mdi médun A ciia M thi ton tai médun con B ciia M sao cho
M=A+B va AnB<Jac(A). Cac dac trung cua 16p vanh va moédun thong qua 16p
modun phan phu tong quat véi diéu kién ddy chuyén di duoc dua ra.

Nhu vdy cac mé rong cia médun phﬁn phu da dugc quan tdm nghién clru va md
rong. Vi vy ciing theo hudng nghién ctru trén chung t6i dua ra khai niém soc-phan
phu va nghién ctru chung. Trude hét chiing t6i chimg minh duoc raing mot moédun M 13
soc-phan phu néu va chi néu M/Soc(M) 13 médun nira don (B6 dé 2.2). Tir d6 chiing t6i
thu duoc mot két qua 1a mot modun soc-phan phu 1a modun cé dé cot yéu (Pinh 1y 2.4).
Mot s6 dic trung cia 16p vanh twa Frobenius thong qua diéu kién soc-phan phu va cac
mo rong cua vanh ndi xa cling da dugc xét dén (Pinh 1y 2.5, Binh 1y 2.11). Ngoai ra
mot s6 tinh chat khac cia modun soc-phan phu ciing dugc xét dén.

2. Mddun soc-phan phu

Pinh nghia 2.1. Cho M 1a mét R-mddun phai va A, B 1a modun con cia M. Modun
con A duoc goi 1a soc-phdn phu cia B trong M néu M=A+B va AN B < Soc(A).
Moédun M duoc goi 1a soc-phan phu néu mdi médun déu 1a soc-phan phu trong M.

B6 dé 2.2. Cho M la mét mé dun. Khi d6 M la médun soc-phdn phu néu va chi néu
M/Soc(M) la modun nwa don.

Chitng minh. (=) Cho A 1a moédun con cua M véi Soc(M)< A Khi d6 ton tai
modun con B ctia M sao cho M=A+B va AN B <Soc(A). Suy ra

M /Soc(M) = A/Soc(M)+(B+Soc(M))/Soc(M).
Mat khac, An(B+Soc(M))=Soc(M)+(AnB)<Soc(M). Tur d6 suy ra
AN (B+Soc(M)) =Soc(M).
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Vivay M /Soc(M) = A/Soc(M)® (B +Soc(M))/Soc(M).
Diéu nay ching t6 M/Soc(M) 12 modun nira don.
(<) Gia st M/Soc(M) 1a modun nira don. Ly A la médun con cua M. Khi d6 ton tai
modun con B cia M sao cho M /Soc(M) = (A+Soc(M))/Soc(M) @ B/Soc(M).
Tac6 M=A+B va
Soc(M) =(A+Soc(M))nB=(A+Soc(M))~nB=Soc(M)+(AnB).

Suy ra AnB<Soc(M). Tur d6 ta c6 AnB=(ANnB)nA<Soc(M)~A=Soc(A).
Vay M la médun soc-phan phu.

Tir bd dé chung ta co tinh chit ddi ximg cia soc-phan phu.
Hé qua 2.3. Cho M la mé dun. Khi d6 cdc diéu kién sau la twong dwong
(1) A 1a soc-phdn phu cia B trong M.
(2) M=A+Bva AnB<Soc(M).
Nhan xét. Theo Bo dé 2.3, ta c6 néu A 1a soc-phan phu ctua B trong M, thi B I soc-

phan phu ciia A trong M. Vi vy soc-phan phu cta cac moédun con c6 tinh chat ddi
xung.

T b dé trén chung ta c6 két qua sau :
Pinh Iy 2.4. Gid sit M la médun soc-phan phu. Khi d6 Soc(M) cét yéu trong M.
Chitng minh. Goi A 1a phan bu cong tinh ciia Soc(M) trong M. Suy ra  A@® Soc(M)
cot yéu trong M. Mit khac, ching ta c6 A=[A® Soc(M)]/Soc(M)<M /Soc(M) va

M/Soc(M) 14 nira don theo Bo dé 2.2. Vi vay A 1a modun con nira don cia M hay
A<Soc(M) va tir d6 suy ra A=0. Vay Soc(M) cbt yéu trong M.

Tiép theo chung ta c6 mot dic trung cua vanh tua Frobenius théng qua modun
soc-phan phu.

Pinh 1y 2.5. Cdc diéu kién sau la tiwong dwong doi véi vanh R da cho -

1) R la vanh twa Frobenius.

2 Rr la noi xa va soc-phc”in phu.

Chirng minh. (1) = (2) r0 rang.

(2)= (). Vi Rrla soc-phan phu nén R/Soc(Rr) 12 moédun nira don. Suy ra R/Soc(RRr)

la modun Note va vi vy R thoa diéu kién ACC trén cac idéan phai cbt yéu theo
[3, Corollary 18.7]. Vay R la vanh tya Frobenius theo [3, Corollary 18.13].

Pinh 1y 2.6. Cho M la médun hitu han sinh soc-phan phu véi Soc(M) hitu han sinh.
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Khi do M co6 d¢ dai hitu han.

Chitng minh. Vi M 14 soc-phan phu nén M/Soc(M) 1a médun ntra don. Hon nita, M
la médun hitu han sinh nén M/Soc(M) 13 médun Artin va Note. Mit khac, theo gia thiét
tacd Soc(M) la modun hiru han sinh. Ttr d6 chung ta suy ra Soc(M) 1a médun Artin
va Note. Khi d6 chung ta suy ra M 1a médun Artin va Note. Vay M c6 d6 dai hiru han.
B6 dé 2.7. Cho f:M — N la mot dong cdu va L 1a soc-phan phu trong M sao cho
Kerf < L. Khi do f(L) la soc-phan phu trong f(M).

Chitng minh. Gia st L 13 soc-phan phu cua K trong M. Suy ra M=L+K va
LNK<Soc(M). Do d6 f(M)=f(L)+f(K). Mat khac, Kerf <L nén
f(LNK)=f(L)n f(K). Trddsuyra f(L)n f(K)< f(Soc(M))<Soc(f(M)). Piéu
nay chung t6 f(L) 1a soc-phan phu cua f(K) trong f(M).

Bo dé 2.8. Moi anh toan cdu ciia mt médun soc-phan phu la soc-phan phu.

Chitng minh. Gia st f:M — N 1a mot toan cau va K 1a médun concaaN. VIiM la
soc-phan phu nén K la soc-phan phu trong M. Khi d6 theo B6 dé 2.7, ta co
K = f(f (K)) la soc-phan phu cta f(M)=N. Vay N Ia soc-phan phu.

Pinh 1y 2.9. Néu M 1a médun soc-phan phu thi M la médun nira Artin.

Chitng minh. Nhu ching ta dugc biét mot moédun 1a nira Artin néu mdi mé dun thuong
khac khong ciia M ¢ dé ¢t yéu. Gia st M 1a modun soc-phan phu va M/A 13 thuong
khac khong ctia M. Theo B6 dé 2.8, M/A 1a md dun soc-phan phu. Suy ra Soc(M/A)
cbt yéu trong M/A theo Pinh 1y 2.4. Vay M 1a mé dun ntra Artin.

Tiép theo chung ta xét tinh chat soc-phan phy modun thuong ciia modun soc-
phan phuy.

B6 dé 2.10. (1) Cho A 1a soc-phdn phu trong M va K < A. Khi dé AlK 13 soc-phdn
phu trong M/K.

(2) Cho A,B<M véi A la soc-phan phu. Néu A+B 1a soc-phdn phu trong M thi B la
soc-phan phy trong M

Chirng minh. (1). Cho B 1la médun con cua M sao cho M=A+B va AN B < Soc(M).
Khi @ M/K=A/K+(B+K)/K vda An(B+K)=K+ANB<L+Soc(M). Tir d6
suy ra

(A/K)YN(B+K)/K =(K+ANB)/K < (K +Soc(M))/K < Soc(M / K).
Vay A/K 1a soc-phan phu cua (B+K)/L trong M/K.

(2). Theo gia thiét ton tai X 13 moédun con cia M sao cho M=A+B+X va
(A+B)nX <Soc(M). Vi (X+B)NA<A nén ton tai Y<A sao cho
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A=(X+B)nA+Yva (X+B)nY <Soc(A). Khido
M=A+B+X=[(X+B)nA+B+Y =B+ X +Y .
Tiép theo ching ta s& ching minh (X +Y)nB<Soc(M). Vi Y+B<A+B nén
XN +B)< XN (A+B)<Soc(M). Vivay
(X+Y)NnB<(X+B)nY + X (Y +B)<Soc(M).
Vay X+Y 1& soc-phan phu cua B trong M.
Ménh dé 2.11. Mot tong hitu han ciia cac médun soc-phan phu la soc-phan phu.
Chitng minh. Chiing ta chi can ching minh M = A+ B 14 soc-phan phu véi A, B 1a soc-
phan phy. Cho L<M . Tir diy suy ra M=A+B+L 4 soc-phan phu cua O trong M.
Suy ra B+L c6 soc-phan phu trong M theo B6 dé 2.10. Lai theo B6 dé 2.10, chiing ta
cling c6 L c6 soc-phan phu trong M. Vay M la soc-phan phu.

Tiép theo ching ta c6 mot dic trung cua vanh thong qua vanh ef-mé rong.

Mot médun M dugc goi 1 ef-md rong néu mdi mddun con dong ciia M chira
mdt moédun con cbt yéu hiru han sinh 14 hang tr tryc tiép cua M. Mot vanh R dugc goi 1a
ef-mo rong phai néu Rr 1a modun ef-md rong.

Pinh ly 2.12. Cdc diéu kién sau la twong dwong doi véi vanh R da cho:

(1) R lavanh twa Frobenius.

(2) (R®R), laef-mo réng, Rr 1a soc-phdn phu va I-hitu han.

Chirng minh. (1) = (2) R0 rang.

(2)= (1) ViR la I-hitu han nén R khong chtra tp v6 han cac phan tir lity ddng truc giao.
Suyra R=eR®e,R®...®e R véi e lacac liy dang nguyén thity truc giao. Mit khac, Rr
| soc-phan phy nén theo Dinh 1y 2.4, Soc(Rr) cbt yéu trong Rr. Cho mdi i=1,2,...,n. Ta co
eR ciing 14 modun ef-mod rong va do d6 eR 1a déu. Mat khac, Soc(Rr) cdt yéu trong Rr
nén suy ramdi eR 1a cac modun co dé don va vi vy Soc(Rr) 1a modun hitu han sinh. Theo
Dbinh ly 2.6, R la vanh Artin phai. Tir d6 suy ra (R® R); 1a médun mé rong. Do d6 R la
vanh tu ndi xa phai hay R 1a vanh tua Frobenius theo Pinh ly 2.5.

Nhu ching ta duoc biét mot vanh R 13 I-ntra hoan chinh (véi | 13 idéan cta vanh
R) néu R/l 1a nira don va mdi phan tir lily dang nang dugc modulo I. Tir ddy theo
[5, Lemma 1.2] chlng ta cé:

Ménh dé 2.13. Cdc diéu kién sau la tirong dwong doi véi vanh R di cho:
(1)  Rlavanh Soc(Rr)-nira hoan chinh.
(2) Rr | soc-phan phu.
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Tiép theo ching ta c6 cac vi du phan biét vanh nira hoan chinh va vanh véi diéu
kién Rr la soc-phan phu.

Vi du 2.14. i) Xét Q =1_[Fi véi Fi=Z2. Goi R 1a vanh con ctia Q sinh boi 1g va

i=1

@”,F.Khi d6 Rr 12 14 soc-phan phu. Tuy nhién vanh da cho 1a vanh ntra hoan chinh.

N -]

Khi d6 Rr khoéng 1a soc-phan phu. Tuy nhién vanh da cho 1a vanh nira hoan chinh.

i) Xét vanh
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ON SOC - SUPPLEMENTED MODULES

Truong Cong Quynh
The University of Danang — University of Science and Education

ABSTRACT

Let A, B be submodules of module M . Submodule A is said to be a supplement of
Bin M néu M=A+B and ANB =< A Module M is called supplemented if for each
submodule A of M, there exists a submodule B of M such that A is supplement of B in M.
These classes are studied in recently years. In particular, some characterizations of perfect
and semiperfect ring via supplemented modules. In 2004, Wang and Ding gave a
generalization of supplemented module and research them. Following which, a module M is
called generalized supplemented if for each submodule A of M, there exists a submodule B of
M such that M=A+B and ANB <Jac(A). In this paper, we consider a generalization of

supplemented module, that is soc-supplemented modules and some applications in classes
well-known rings.
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