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TOM TAT
Bai bao nay dwa ra mét sé tich chap méi lien két véi bién ddi tich phan dang Fourier cling véi ham trong
Hermite va xem xét mot sé (rng dung clia ching. Dac biét, bai bao thu duwoc didu kién can va du cho tinh giai
duwoc clia phwong trinh tich phan dang chap va dwa ra céng thirc nghiém hién trong L,(j ) chophwong trinh da

duva ra.
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ABSTRACT
This paper provides new generalized convolutions associated with the integral transforms of Fourier type

with Hermite weight -

function and considers their applications. In particular, the necessary and sufficient

condition for solvability of the integral equations of convolution type is obtained and the solutions in explicit form

in L (j ) of the equations are given.
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1. Mé& dau

Viéc st dung cac bién ddi tich phan dé
giai cac phuong trinh vi tich phéan ra doi rat som
va lién tuc phat trién cho dén ngay nay. C6 vai
tro dic biét quan trong trong 1y thuyét nay phai
ké dén cac bién dbi tich phan Fourier, Hartley.
Cung voi ly thuyét phép bién doi tich phan, ly
thuyét tich chép lién két voi cac bién ddi tich
phan ciing xut hién vao khoang dau thé ky XX.
Nhitng nam gan ddy c6 kha nhiéu bai bao vé
bién dbi tich phan va tich chap lién két voi bién
dbi tich phan duoc cong bé [4, 6, 7, 8].

Bién d6i tich phan Fourier, Fourier
nguoc va Hartley lan luot duoc xac dinh boi:

(F00 == ey
(F 00 == 1(eoy.
(H 00 == Feasta)ey,
(H: 100 = T(cast-)ay.
Day 1a cac bién ddi tich phan c6 nhiéu ting

dung trong khoa hoc va ky thuat (xem [1, 2, 3]).
Theo quan sat ciia chiing t6i thi bién d6i Fourier,

Fourier nguoc va cac bién doi Hartley 1a céc to
hop tuyén tinh cta hai bién d6i T, T, nhu sau:
F=T-iT, F'=T,+iT,
H =T, +T,, H,=T, -T,,
trong d6 T,, T, xac dinh boi

(1.H00 ==, 1(y)cos ey,

(T, F)(x) = %j f (y)sin xydy.

Diéu nay di dua dén cho ching t6i ¥
tuong xét bién doi tich phan maoi

(TF)(X) = % || £(y)loos xy-+2sin xyldy, (0.1

. goi la 7bié'n doi tich phan dang Fourier.
bicu kién dé tich phan (0.1) ton tai la ham
f eL(j) Do do, trong bai bao nay ching toi
ludn xét cac ham trong khong gian f e L (j ).

Bai bdo dugc chia 1am bon phan. Phan 2 1a
noi dung chinh cta bai bao. Phan nay chi ra bién
do6i nguoc cia T va xay dung tam tich chap suy
1 prA

. Phan 3
1a img dung cac tich chap xay dung dugc ¢ Phan 2

rong méi lién két voi cac biendoi T, T
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vao gidi phuong trinh tich phan dang chap véi
nhan Gaussian. Pac biét, Pinh 1y 4 thu dugc didu
kién can va du dé phuong trinh dang xét c6 nghiém
va dua ra cong thuc nghiém tuong minh.

2. Tich chip suy réng

Ham Hermite dugc dinh nghia boi

n Le d" 2
g (X)=(-1)"e2 —e " ,(Vne¥).
dx
Dinh 1y sau s€ chi cho ta cac ham
Hermite 1a ham riéng cta bién d6i T Ung véi
céc tri riéng 1, +2.
Pinh 1y 1. Cho n=r (mod4), khi dé
r
(-D?¢
Tg)0=1 = "
(-1 2 2¢, khi re{l3}.
Chirng minh. Khi cac bién d6i F,F™*
va T cung xét trén khong gian L (; ), taco

khi r e{0,2} 02)

T :(%+i)F +(%—i)F1(O.3)

Mat khic, (Fg,)(x)=(-)"4(x) va

(F73.)(X) =i"¢ (X) (xem [5]). Thay vao (0.3)
ta thu dugc (0.2). Dinh 1y dugc chiing minh.
Pinh Iy 2. Néu
fel(i) (ThHeLl() va
fo (X) =

%J‘i (T £)(y)[cos xy + %sin xy]dy,

thi f,(X)= f(X) hdu khdp noi trén ; .
Khi dé ta goi bién doi ngwoc cia T

(T a)(y)

1 1.
=— x)[cos Xy + = sin xy]dx,
Tz, 900leosxy+ Zsinxy]
(0.4)
Chirng minh. Khi cac bién d6i F,F™*
va T cuing xét trén khong gian L,(j ), taco

YRS S P B
T _(2+4|)F+(2 4|)F (0.5)

Két hop (0.3), (0.5) va F*=1 (xem
[5]) tathudwoc TT '=1 va T'T = 1. Pinh ly
2

dugc ching minh.

T Pinh 1y 1, ta thiy ¢, la ham riéng
cua bién d6i T. Do do, ta chon ¢ lam ham
trong va xay dung dugc tdm tich chap suy rong
lién két voi cac bién @i T, T~ nhu sau:

Pinh Iy 3. Neu f,gel(;) thi moi
bién doéi tich phan (0.6),(0.7), (0.8), (0.9)la tich
chdp suy réng lién két véi cdc bién doi T, T

véi ham trong Hermite va théa man ddng thirc
nhan tir hoa tuwong ung.

(1 =] | 10902t
+2¢0(x+u—v)+g¢0(x—u +V)  (0.6)

- dlr-u-v,
T(F ¥ 9)(0 = 40OTOTOX).
(1 . 000=1-] [ o0
[a0ure gy 0
F A (e-uv) 2 (x-u ) Jdudv,
T(F % 9)00 =TT 9)(x).

)

(1, % 00=o [ 1w
[—g¢0(x+u +v)+%¢o(x+u -v) (0.8)

+§¢0(x—u +v)+§¢0(x—u —v)]dudv,

T(f_ % 9)00 =0T NI,
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2
(f =

1
L 90=] [ )
[¢0(x+u +v)%+5¢0(x+u —V)
+5¢,(X—Uu+V) +5¢,(x—u —v)]dudv,

T(F % 900 =0T DT )00

Chung minh. Trudc tién ta di ching
minh bo dé sau:

B6 dé 1. Néu f'gEH(i ) thi
%J‘; I f (u)g(v) cos x(u +v)dudv

= _[ (cos xy + 2sin xy)dy

J(z (0.10)
N f(U)g(V)[E%(Y—U—v)
+%¢o(y+u+v)]dudv.
%Z(X)j j f (u)g(v)sin x(u +v)dudv
\/(27'[ (cos xy + 2sin xy)dy 01D

J ] f@emEay-u-v)

—i%(y +U+V)]dudv.

Chitng minh bé dé. Sit dung Pinh 1y 1,
ta co

%;‘) J [ f@g)cosx(u-+v)dudy

1 :
=———| ¢, (t)[cos xt +2sin xt]dt
,(272_)3 J‘;

_[ _[ f (u)g(v)cos x(u +v)dudv

1 .
= [cos xt + 25sin xt]
’(27[)3 J-; J.i -[i

cos X(u+V)g, (t) f (u)g(v)dtdudv

2\/(27)3_[{ ji L [cosx(t+u+V)

+2sinX(t+u+v)+cosx(t—u-—v)
+2sinx(t—u-v)]g, (t) f (u)g(v)dtdudv.

(0.12)

1

DPoi bién s6 y=txuzxv trong tich
phéan (0.12), ta thu dugc

J“ (cos xy + 2sin xy)dy

] f@90E hy-u-v)

+%¢O(y+u +V)]dudv.

Chung minh (0.11) hoan toan tuong ty
(0.10). Bo d¢ da dugc chirng minh.

Chung minh Binh ly 3. Ta di ching
minh tich chap (0.6).

Trudce tién, ta chi ra
(f % @)eL(). Thitviy
J1CE % a0
<[ [T 1@ Ng@ Il A0c+u-+v)| dudvx
*;L J T 1E@190) 1 dh(x+u~v)]| dudvelx
b @900 1dh(x-u-+v) | cuvei
b 1 @190 114 (x-u-v) | cucvei

< 400,
Biy gio ta di chung minh dang thuc
nhan tr hoéa. Sir dung Bo dé 1, ta co

¢ ()(TH)()(Tg)(x)

= %;()J.‘ -[; f (u)g(v)(cos xu + 2sin xu)
(cos xv + 2sin xv)dudv

:%L J fWo)-3cosx(u-+v)

+5c0s x(u —V) +4sin x(u + v)]dudv

j (cos xy + 2sin xy)

1
2Jeny

J ] f@aml-d0cruy)

+g¢0(x+u—v)+g¢o(x—u +V)
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_%%(x—u —V)]dudvdy =T ( f T?T 9)(x).

Céc tich chap (0.7), (0.8), (0.9) chirng minh hoan
toan tuong tu nhu phép chimg minh cua tich
chap (0.6). Pinh 1y 3 da dugc chirng minh.

DPéivaitro T va T trong Dinh 1y 3 ta
thu dugc h¢ qua sau:

H¢ qua 1. Neu f,gel () thi moi
bién doi tich phn (0.13), (0.14), (0.15), (0.16) la
tich chap suy rong lién két voi cac bien doi
Tfl, T voi ham trong Hermite va thoa man
dding thirc nhdn tir hoa twong ing.

% 1
(f 2. 900=] [ T
[—§¢0(x+u+v)+g¢o(x+u—v) (0.13)
+g¢0(x—u +v)+%¢o(x—u —v)]dudv,

T(f : 9)(x) = )T )T "9)(x).

“ 1
(f 2, 00=] | fWem)

5 5
[—E¢O(x+u+v)+E¢O(X+U—V)
—%%(x—u +v)+g¢0(x—u—v)]dudv,

h
T x
T

Tt

9)(X) = ()T F)(x)(Tg)(x).

1'-[-

%
(f *

TiTT?

9)(x)

1 5
== [ [ fagm[-2¢x+u+v)
4r Iﬂ Iﬂ 2 (0.15)

1 5
_E¢0(X+U_V)+E¢0(X_U+V)
+g¢o(x—u —v)]dudv,

%
THE_»

TiTrT?

9)(x) = ()(THN(T "g)(x).

b
(f_*

TITT

9)(x)
1 11
-1 f(u)g(v)[—?¢o(x+u+v) (0.16)
5 5
+E¢O(x+u—v)+5¢o(x—u+v)

+ §¢0 (x—u —v)]dudv,

THE X900 =40

3. Ung dung giai phwong trinh tich phian

Xét phuong trinh
9
2900+~ | [ [P (x+u+v) (0.17)
+0(u)gy (X —u—-V)]e(v)dudv = f(x),
trong  do lek, cac ham

p,q, f eL(j ) la cac ham cho trude va ¢ la
ham can tim trong L (j ). Phuong trinh (0.17)
dugc goi 1a phuong trinh tich phan dang chép
v6i nhan Gaussian. Phuong trinh nay c6 nhiéu
ung dung trong Vat ly, Y hoc va Sinh hoc (xem
[4]).

bat
A = 2+ ¢,[10(Tp) ~ 40(T p) ~ 22(T) Pabt “q))
B, = ¢;[-40(Tp) +11(T " p) +40(Tq) - 5(T “q)],
A, = ¢;[-2(Tp) ~10(T *p) ~10(Tq) +10(T “q)],
B, = A +¢;[-10(Tp) +40(T ~p) +10(Tq) +8(T 'q)],
D=AB,-AB; D =(Tf)B,—(T'f)B;
D, =(T"f)A-(TF)A,

Pinh1y4.Cho p, q, f e L(j ). Gid sir
D(x) #0 véi moi X thugc i, va 2el(j).
Phuwong trinh (0.17) ¢6 nghiém thugc L (j ) khi
vachikhi (T 2)=(T2)elL().

Khi do6, nghiém cia phwong trinh (0.17)
xdc dinh boi cong thirc sau

P(x) = (T 2)(x). (0.19)

Chitng minh. Tu cac tich chap (0.6) -
(0.9)va (0.13) - (0.16), ta co:

(0.18)
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gf‘ f [p(W)@(V)¢, (X +u+Vv)dudv
V/ A

f #o £ %o
:10( T,;’k,Tg)_4O( T,Tﬂ,{T’lg)
¢0 " (0.20)
—40(f _* g)+11(f_ =* 9)
TTLT T

7171

%
—40(f _* g)-10(f * g)
T T°,1T TT1T°T
% %
~10(f = g)-2(f_* g).
TT,7° T-T,T

gf [ [p(U)e(v)g, (x—u—v)dudv =
T

¢0 " .
-22(f e g)+40(f L g) +40( f x 9)

b
—5(f =

TI1i7

o o
9)=8(f _ * 9)+10(f  *

Sp-igal T,
¢ b
+10(f = g)-10(f = q).
TiT 7 TITT
Piéu kién can. Gia st phuong trinh
(0.17) c6 nghiém ¢ € L,(j ). Ap dung bién doi
T, T vao hai vé ciia phuong trinh (0.17), st

dung (0.20), (0.21) va c4c dang thic nhan tir hoa
tuong Ung, ta thu dugc hé phuong trinh

{A(x)(w»(x) FBOT0=0) (999

A, ()T P)(X)+B,(0(T “)(x) = (T )(x)’

trong d6 (T@)(X), (T "@)(X) la cac ham
can tim. Cac dinh thtc cta hé (0.22) dugc xac
dinh boi (0.18). T D(X) #0 véi moi X thudc

Theo Dinh 1y 2, ta
p(x) = (T 3)(x) = (T 2)().

Do vay, (T 2)=(T &) eL( ).

Diéu kién dui. Xét ham
()= (T 2)(x) = (T 2)(x).

Suyra ¢el(j). Ap bién @i T, T
vao hai vé (0.23) ta thu
(To)(¥) =236 (T70)(¥) = 3G
(Te), (T 'p) théa méin hé phuong trinh (0.22).
Do @6
A )T p)(x)+B,(x)(T "p)(x) = (Tf )(8)21) (0-24)

Phuong trinh (0.24) duoc viét lai

T(M(XHE [ [ Ipw(cru+v)
T
+ g (x—u —V)lp(v)dudv) = (TF)(x)

Suy ra ham ¢(X) thoa man phuong
trinh (0.17) hau khip noi trén | . Pinh ly da
dugc chung minh.

4. Két ludn

) Bai bao da dua ra mot bién ddi tich phan
mo6i dang Fourier, ching minh tich kha nghich
va bién do6i nguoc; xay dung tam tich chép suy
rong moi lién két voi bién doi tich phan méi dua
ra; thu dugc di€u kién can va du d€ phuong trinh
tich phan dang chdp vo&i nhan Gaussian cé

thu duoc

(0.23)

duoc

Nhu vay

(. swra nghiém va dua ra cong thirc nghiém tudng minh.
i

(T)(x) =36 (T 0) () = BG5-
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