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VANH NOI XA PON VA VANH LINH HOA TU PON
MININJECTIVE AND MINANNIHILATOR RINGS

Phan Chi Diing
Khoa Y Duoc, Pai hoc Pa chng

TOM TAT
Trong bai bao nay ching t6i lam rd moét sb tinh chét clia vanh néi xa don, nira hoan chinh. M6t sb tinh
chét clia vanh twa Frobenius théng qua diéu kién vanh noi xa don da dwoc nghién cliru. Dac biét, mét vanh tya
Frobenius néu va chi néu vanh d6 1a vanh Artin hai phia va néi xa don hai phia. Dwa vao két qué nay, ching t6i
chirng minh dwgc mot vanh twa Frobenius néu va chi ndu vanh dé 1a vanh linh héa t&r don hai phia, théa diéu
kién ACC trén céc linh hoa tir voi dé trai cbt yéu.

Ttr khéa: vanh twa Frobenius; vanh ndi xa don; vanh linh hoa t&r don; vanh nira hoan chinh

ABSTRACT

In this paper, some properties of mininjective rings and semiperfect rings are identified. Some
characteristics of quasi Frobenius via mininjectivity are studied. In this case, a ring is a quasi Frobenius ring if and
only if the ring is the two sided Artinian and two sided mininjective. Based on this result, we show that a ring is a
qguasi Frobenius ring if and only if the ring is the two sided minannihilator, satisfying the condition ACC on

annihilators and essential left socle.

Key words : quasi Frobenius rings; mininjective ring; minannihilator rings; semiperfect rings

1. Giéi thi¢u

Trong bai bao nay, vanh R di cho luén
dugc gia thiét 1a vanh két hop c6 don vi 1#0
va moi R-mo6dun dugc xét 1a moédun unita.
Trong muc nay, chung toi gidi thi€u nhitng khai
niém co ban dugc str dung trong bai bao. Mot sd
khai niém khac lién quan dén bai bao chung ta
¢6 thé tham khao trong Nicholson va Yousif
([3]), Wisbauer ([5]). Véi vanh R da cho, ta
viét Mg (twong Gmg, ;M ) dé chi M 1a mot
R-mo6dun phai (t.u, trai). Trong mot ngir canh cu
thé cua bai bao, khi khong s¢ nham 13n vé phia
ctia modun, dé don gian ta viét modun M thay vi
M.. Ching ta ky  hiéu
A<M (A<M) déchi A la mbédun con (t.u.,
thyc sy) cia M. Cho M 1a m§t R-modun phai
va tap X la tip khac rong cua M. Linh hoa tir
phai cua X trong R dugc ky hiéu la ry(X) va

dung cac

duoc xac dinh nhu sau:
r,(X)={reR|xr=0, ¥xe X}.

Khi khong s¢ nhdm 14n ta c6 thé viét gon
la r(X) thay vi ry (X). Khi X ={X, X,,....X.}

thi  ta  viet  r(XX,,..,X,)thay vi

r{Xx, X,,....X,}). Ta co ry(X)la mot idéan

phai ctia vanh R. Mot vanh dugc goi la noi xa
don phai néu Ir(a)=Ra cho mdi idéan phai
don aR ctaR. MGt vanh duogc goi 1a link hoa tie
don phdi néu mdi idéan phai don cia R 1a mot
linh héa tir.

Trong bai bao ndy, trudc hét ching toi
nghién ctru cac dac trung cua vanh ndi xa don
ntra hoan chinh. Mot s diéu kién dé mét vanh
tr¢é thanh vanh ndi xa don da dugc nghién ciru.
Ngoai ra chung toi néu lai mot sé tinh chit cia
vanh twa Frobenius thong qua diéu kién vanh noi
xa don. Dic biét, mot vanh twa Frobenius néu va
chi néu vanh d6 1a vanh Artin hai phia va ndi xa
don hai phia. Cac két qua nay dd duoc nghién
cuu bédi lkeda, Nicholson va Yousif ([3]). Dua
vao két qua nay, chung t6i chirng minh dugc mot
vanh tua Frobenius néu va chi néu vanh d6 la
vanh linh héa tir don hai phia, thoa diéu kién
ACC trén cac linh hoa tir phai voi dé trai cbt
yéu.
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2. Vanh néi xa don.

Trudce hét ching t6i nghién ctru cac dic
trung ctia vanh nira hoan chinh, ngi xa don. Cac
dac trung nay dugc chirng minh trong [3].

Cho m la R-moodun phai: Chdng ta ky
hiéu m* = Hom(m,R).

Pinh ly 2.1. Cho e l1a lity dang trong vanh
R. Khi do

(1) (eR/eJ(R))" =1(J(R))e.

(2) Néu R 1a vanh nira dia phuong thi

(eR/eJ(R))" =soc(R,)e.
Ching minh: Ta c¢6 eR/eJ(R)=mRvadi

m=e+eJ(R). Vivay ap dung Ménh dé 2.2.8
[3] ta co (eR/eI(R) =I(T), khi do
T=r(m).Laico T=J(R)+(1-¢€)R, vi vay
I(T)=1(J(R))nRe=I1(J(R))e.

Ta chung minh duoc (1), i
soc(R;) =1(J(R)) khi R 1a ntra dia phuong,
ching ta suy ra (2).

Tir két qua trén chung ta cé:

H¢ qua 2.2. Mot vanh dia phuong R la
vanh noi xa don phai néu va chi néu soc(Rg) la
idéan phai don hodc 1a khong .

Piéu kién dé mot vanh hoan chinh trd

thanh vanh noi xa don duoc thé hién & dinh Iy
sau.

Pinh li 2.3. Cho R 1a vanh ntra hoan
chinh. Khi d6 cac khang dinh sau la twong
duong:

(1) R 1a vanh néi xa don phai néu va chi
néu SOC(R;)e hoic 1a don hodc 1a 0 cho mdi
phén tir lily ding dia phuong e € R.

(2) R 1a Kasch phai néu va chi néu
soc(Ry)e =0 cho mdi phan tir liy ding dia
phuong e e R.

Chitng minh:
Cho M la mt moédun don. Tir R 1a nira

hoan chinh ta ¢c6 Me=0 ddi véi mdi phan tir
lily dang dija phuong €, nghia 1a me =0, voéi
me M nao d6. Xét 4nh xa:
eR—>M
Xxa mex
Khi d6 4nh xa d6 1 mot toan cau. Khi d6
mot M, modun 1a don néu va chi néu
M, =eR/eJ(R) dbi voi mdi phan tir liy dang
dia phuong €. Mit khac, vi R la ntra dia
phuong 4ap dung Dinh
(eR/eJ(R)) =soc(R;)e. Ap dung Pinh 1y
2.2.9 [3] tacd (1).
Pinh ly 2.4. Cho R 1a vanh nira hoan
chinh, ndi xa don phai. Khi dé:

ly 2.1 suy ra

(1) soc(Ry) la nira don va Artin nhu R -
modun trai.

(2) Néu 0=k esoc(eR) véi mdi €° =e
la dia phuong, thi RK 1a don.

(3) Néu R 1a Kasch phai thi cac khang
dinh sau la tvong duong:

(a) soc(Rg) =soc(R).

(b) Ir(K) =K voi mdi phan tir liy ding
dia phuong e € R va K < Re 1a idéan trai don.

(c) soc(Re) =soc(R,)e véi mdi phan tir
dia phuong € =ecR.

(d) soc(Re) la don véi mdi phan tir dia

phuong €° =eeR.

Chitng minh.:

Néu l=¢ +e,+..+€, véi € la phan tir
liy ding dia phwong trong R, thi
s0c(R;) = > s0c(R;)e;. Ap dung Pinh Iy 2.1

i

ta co (1).
Ta ching minh (2), ta co
0=k esoc(eR), suy ra R(l—e)cI(k) va
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J(R)cI(R) Vi

soc(eR) c soc(R;) = soc(zR)

dodo J(R)+R(l—e)c (k) #R, vi vay
I(k) =J(R)+R(@—e) la cuc dai.

Ta chirng minh (3). Gia st R la Kasch
phai.

(a) = (b). Gia s raing K < Re 1a mot
idéan trai don, €° =e € R 1a dia phuong. Ta c6
KJ(R)=0 theo (a), do
dor(K)oJ(R)+(1-e)R. Suy ra
J(R)+(1—¢€)R 1a cuc dai. Do d6 r(K) Ia cuc
dai. Suy ra Ir(K) 1a don. Mt khac K < Ir(K)
nén ta cé (b).

(b)=(c). Cho KcRe la
donsuyra r(K) o J(R)+(1-¢e)R.

idéan trai

Tuong tu ta cling co
r(K)cJ(R)+(@-¢)R boi vi J(R)+(@-¢€)R
la idéan phai cuc dai duy nhat chira (1—-€)R.
Nhung tr (b) va R 1a dia phuong nén

K =Ir(K) 21[J(R) + (1-€)R] = I(J(R)) AR

=50c(R;) " Re =soc(Ry)e
Mat khéc, theo Dinh 1y 2.1 soc(R;)e # 0 vi vay
K =soc(Rg)e (vi K don).

(c)=(d) Ap dung Pinh ly 2.1 ta c6
diéu nay 1a hién nhién vi R 1a ndi xa don phai va
Kasch phai.

(d)=(a). Tu (d) ta co
soc(Re) =soc(R,)e véi mdi phan tir liy dang
dia phuong €*=e theo Pinh 1y 2.1. Cho
l=e +e,+..+€, Véi € la cic phan tir liy
déng, truc giao. Vay
soc(y R) =, soc(Re,) =, soc(,R)e, = soc(Rg)
Mit khac ta c6 soc(R;) = soc(zR) vi R Ia
vanh ndi xa don phai.

Pinh li 2.5. Cic khang dinh sau 1a twong
duong cho vanh R

(1) R 1a tga Frobenius.

(2) R 1a vanh ndi xa don hai phia va Artin
hai phia.

Chung minh: Tu (2), ap dung Pinh ly 1.2.1 [3]
ta co duge rl(T)=T dbi v6i mdi idéan phai T
cuaR.

Trude hét ta chimg minh: Néu K T 1a
céac idéan phai va T /K 1a don, thi I(K)/I(T)
1a don hodc bang khong. That vay ta co:

Néu a e l(K)thi:

A TIK >Ry
A (t+K)a at

Khi d6 a — A, 1a mot dong céu tir 1(K)
dén (T /K)". Mt khac R 1a vanh noi xa don
phai ap nén dung Dinh 1y 2.2.9 [3] ta c6 didu
phai chiing minh.

Gia su T la mot idéan phai ctia R va cho
0=T,cT c..cT, =R lamét day hop thanh
cac idéan phai cia R chua T. Ta da chiing minh
dugc rl(T.) =T, v6i mdi i. Khi d6 xét cac linh
hoéa tir trai cua day:

R=I(T,)2I(T)>..2..2I(T,)=0
length(; R),, n =length(R)
tuong tu ta cling co
length(; R)..n =length(Ry) . Vi vay
lenghth(; R) =length(R;) Theo chang minh

Tuac la

trén ta thiy (*) la mot day hop thanh cua o R.
Lap lai qua trinh d6 véi céac linh hoéa tir phai cia
day ta duoc
O0=rI(T,) crl(T)c..crl(T,)=R

Te T,crl(T) ta suy ra T,=rl(T,), t

T, c rl(l'z) T, = rl(l'z),...,Tn c rl(l'n) suy ra
T, =r(T,).
3. Vanh linh héa tir don

Trong phan nay chiing t6i chimg minh dwoc mot
déc trung cta vanh tua Frobenius thong qua
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vanh linh héa tir don. Trudc hét chung ta co:
Pinh li 3.1 Cho R 14 vanh théa mén diéu

kién ACC trén cac linh hoéa tir phai sao cho

soc(3R) cbt yéu trong R.. Khi d6 R la vanh

ntra nguyén so véi J(R)=Z(Ry) .

Chitng minh: Ching ta s€ chung minh dinh ly

nay qua céac budc sau:

Truéc hét ching ta chi ra
J(R)=I(soc(4R)) =Z(R,) va J(R) la liiy
linh.  That vdy, chung ta co thé viét
soc(;R)=DRx,, véi mdi Rx, la cic idéan
trai don va A 1a mot tap chi sd nao d6. Gia sir
J(R)X, #0v6i mdi ie A. Vi mdi Rx 1a don
nén J(R)x =RX. Diéu nay cho ta X =rx
voi reJ(R) nao d6. Hon nita 1—r la kha
nghich nén X, = 0 diéu nay mau thuin. Vi
vay J(R)x, =0 véi mdi ieA va do do
J(R) <I(soc(;R))

x e l(soc(, R)) va lay | 14 mot idéan phai ctia R

Mat khac, voi moi

sao cho 1 mr(x)=0 chang ta s& chimg minh
I=0. Gia sir nguoc lai | #0. Theo gia thiét
soc(zR)
soc(yR)N 1 #0. Khi d6 ching ta c6 thé lay
xk =0 hay
ker(x)va do ¢ ker(x)ml =0 diéu nay

cét yéu trong R, nén ta co

O0#kesoc(yR)nI. Suy ra

mau thuin. Vi vay ching ta phai c6 1=0. Tir day
suy ra r(x) la cét yéu trong R, nghia la
XeZ(Ry). Tom lai ching ta di chimg minh
duoc I(soc(zR)) <Z(R;). Ngoai ra vi R thoa
man diéu kién ACC trén cac linh hoa tir phai nén
Z(Ry)1a 1ty linh. Suy ra Z(Ry)<J(R) vay
J(R)=I(soc(4R))=Z(R;) Vva J(R) la liy linh.
Chung ta s& chi ra ton tai tap con {m,,...,m }
cua soc(z R) sao cho
I(soc(3R)) =1({m,,...,m}) (1) . That vay, vi

10

R thoa man diéu kién ACC trén cac linh hoa tir
phai nén R théa man diéu kién DCC trén céc linh
héa tur trai. Khi d6 ton tai tdp con {m,,...,m }
cua soc(zR) sao cho:

I(soc(zR)) = I({m,,...m}) (2)
Chiing ta sé chimg minh R J(R) la nita
don.

Te (1) va (),
J(R) =1(00(R)) = 1(4m, ... m.3) = M (m,).

chuing ta c¢o

Véi moi i e{l,2,...,n} vi m esoc(zR) nén
ton tai k; €¥ sao cho Rm =Rl &L @RI,
(véi mdi

idéan trdi don R,

jefl,....k}) nao d6 cua R. Khong mat tinh

cho cac

tong quat chiing ta ¢6 thé viét m =X, +...+ X

v6i 0+ x; € Rl nao d6 (voi mdi jedt,...k})-
K

Suy ra I1(m.) :QI(xij)vé I(X;) 1a céc idéan

trai cyc dai cia R (boi vi RX; = Rlij véi

mdi j efl,...,k}). Tir diéu nay suy ra ton tai

K
ke¥ sao cho J(R) =Ql(yi) voi cac idéan

trai cuc dai 1(y;) cua R. Chlng ta xét dong cau

P RIR) =] 1(y) > BRI(Y,),  xéc

i=1

dinh béi:

K

p(r+(Y)) = (r+1(y.),.... r +1(y,))
Khi d6 ¢ 1a don cdu. Vay R/ J(R) 1a nira don.

Tém lai vanh R ¢c6 R/ J(R) 1a na don
va J(R) la lily linh hay R 1a vanh na nguyén
S0.
Béy gio ching toi chimg minh két qua chinh
Ssau :

Pinh 1y 3.2 Cho vanh R. Khi d6 cac diéu
kién sau la twong duong:
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(i) R 1a vanh tya Frobenius.
(if) R 1a vanh linh hoéa tir don hai phia,
théa man diéu kién ACC trén céc linh héa tir

phai va soc(; R) cot yéu trong Ry .

Chirng minh:

(i) = (ii) 1a hién nhién.

(if) = (i). Theo Pinh 1y 3.1 thi R la vanh
nira nguyén so. Tiép theo ching ta s& ching
minh R la vanh ndi xa don trai. That vay cho
Rk 1a mot idéan trai don. Vi soc(R;) cbt yéu
trong R; (boi vi R 1a vanh nira nguyén so) nén
ton tai mot idéan phai don MR sao cho
MR<kR. Suy ra I(k)<I(m) va do do
I(k) =1(m) (boi vi I(K) la idéan trai cuc dai
ctia R). Theo gia thiét R 1a linh hoa tir don phai
nén kR<rl(k)=rl(m)=mR. Do d6 ta co

kKR =rl (k) . Vay R 1a vanh noi xa don trai.
Ching minh hoan toan tuong tu chung ta

cling c6 R 1a vanh ndi xa don phai. Ttr day chung
ta suy ra R 1a vanh tua Frobenius.

Hé qua 3.3 Cho vanh R. Khi d6 cac diéu
kién sau la twong duong:

(i) Rlavanh tya Frobenius.

(if) R 1a vanh noi xa don hai phia, thoa
man diéu kién ACC trén cac linh hoa tir phai va
soc(R,) cbt yéu trong R, .

Chirng minh:

(i) = (ii) 1a hién nhién.

(i) = (i). Gia sir R thoa man diéu kién
(i1). Khi d6 R 1a linh hoa tir don hai phia va
soc(R,) cot yéu trong R,. Suy ra soc(zR)

cbt yéu trong R, . Vay R 1a vanh tya Frobenius.
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