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TINH DUY NHAT CUA NHOM CAP N
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TOM TAT

Cho n Ia mét sb nguyén dwong. “Khi nao cé duy nhat mét nhém cép n?”. Cau tra
I>i da c6 tir 1au, tuy nhién khéng dwoc biét rong rai, ngay ca trong nhivng gido trinh vé ly thuyét
nhém. Bai viét nay sé gidi thiéu 10 gidi ciia cau hédi néi trén.

Tw khoa : nhém cyclic, ham euler
Mé dau

Cho n 1a mot sé nguyén duong. Bai toan tong quat ciia nhém hiru han 13 xac dinh

tat ca cac nhom khong dang cau nhau c6 cip n, da duoc A. Cayley dit ra vao nam 1878,
va dén nay van chua c6 10i giai diy du. Chiing ta da biét khi n =1 hodc n 1a mot s6
nguyén té thi c6 duy nhat mot nhom cp n (tat nhién 1a nhom cyclic). Ngoai ra, bang
cach 4p dung cac dinh 1y Sylow vao nhom c6 cap pg, p<q, p, q la cic sd nguyén td,
chung ta ciing chirng minh dugc rang mot nhom nhu vay 1a duy nhat khi va chi khi p
khong chia hét q—1. Tir d6, mot cau hoi duge dat ra mot cach tw nhién 1 “ Vi cdc so
nguyén dwong n nao, thi cé duy nhit mét nhom cap n ?”. Cau tra 10i da c6 tir lau, tuy
nhién khong dugc biét rong ri, ngay ca trong nhiing gido trinh vé 1y thuyét nhom. Bai
viét nay s& gidi thidu 1oi giai cia cAu hoi néi trén, cu thé ta co:
Pinh Iy. Cho n la mét s6 nguyén dwong. Khi @6 nhém cyclic cap n la nhém duy nhdt c6
cdp n, néu va chi néu (n, ¢ (n)) = 1, trong dé ¢ 1a ham Euler.

Dinh 1y trén 1a mot truong hop riéng ciia mot két qua dugc cho boi Dickson [1].
Dinh 1y nay va phép chirng minh cta né trinh bay trong bai viét ndy da duoc Dieter
Jungnickel gidi thi€u trong [2].

1. Cac két qua ding dé chirmg minh Dinh ly

1.1. Pinh nghia: Cho m la mét sé nguyén dwong, ham Euler ¢ (M) biéu thi so cdc sé

tw nhién khéng vwot qud (m -1) va nguyén to cing nhau véi m.
1.2. Ménh dé:[3] Véi hai sé nguyén dwong m, va m, nguyén 16 cing nhau, ta c6
¢ (M1.m2) = ¢ (M1) ¢ (M2).
1.3. Cong thirc tinh ¢ (m). [3]
i) Néu m=1, thi ¢(m)=1.

i) Néu m = p”, trong d6 p 1a mot s6 nguyén t6 va a 1a mot sé nguyén duong,

. _ 1
thi g(p%) = p% - p*~t = p“(l—g).
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iii) Néum>1vam= P Ps2...pe* , trong d6 pi, i =1,2,...,k 1acac sb nguyén

t6 khac nhau d6i mot; o, i =12,...k 1a cic sé nguyén duong, ta co

s =n][2-1 ]

1.4. Pinh nghia: Mgt sé6 nguyén n dwoc goi la khong cé nhén tiv chinh phwong néu
n khéng cé nhén tir la binh phwong ciia mot s6 nguyén khdc 1.

1.5. Mé¢nh dé: Gia sir n la mét s6 nguyén dwong cé nhén tiv chinh phwong, tirc la
N = mp®, trong dé p la sé nguyén t6 khong chia hét m, va a la sé nguyén, a > 2. Khi
do:
i) C6 it nhat hai nhom cé cap n khong dang cau nhau 1a nhém cyclic C(n) cép n
va nhém C(m)xC(p)*.
i) (n, g(n)) = p.
Chirng minh:
i) Vi a>2 nénphani) cia Ménh dé hién nhién diing
i) V&i n= mp?, trong d6 p 1a s6 nguyén t6 khong chia hét m, a 14 s6 ty nhién, a >
2, thi (m,p*) =1 Suyra ¢(n) = 4(p%)¢(m) = p*~*(p~D¢(m). Do 6, ca n va
¢ (n) déu chia hét cho p. Vay (n, ¢(n)) > p.

Ménh dé trén cho phép dé chimg minh Dinh 1y, chi cdn xét n 1 s6 nguyén dwong
khong c6 nhan tir chinh phuong. Trong cac B6 dé dudi ddy, ta gia st n 1a sd nguyén
duong khong c6 nhan tir chinh phuwong nho nhat sao cho (n, ¢(n)) = 1 va G 1a mot

nhém khong cyclic cap n.
1.6. Bé dé: Ta cé (m, ¢ (M)) = 1, véi moi sé nguyén duwong m la wéc ciia n.
Chirng minh:

Gia st nguoc lai (m, ¢ (m))= 1. Goi (M, ¢ (M)) =h, véi h 13 sb nguyén 16n hon 1.

Do m la udc ciannén ton tai mot sd nguyén ¢ sao cho n =mg. Tir d6 ta co
¢(n) = g(ma)=¢(m)¢(a) va (n, ¢(n))=(ma, ¢(M)¢(q) =h>1
trai v6i gia thiét (n, ¢ (n)) = 1.
Vay (m, ¢(m)) =1, voi moi sb nguyén duong m 1 ude cia n.
1.7. Bé dé:

i) Moi nhom con thuc sy va moi nhom thuong theo mot nhom con chuan tac
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khong tam thuong cua G déu 1a nhém cyclic.
i) Tam Z(G) = {1}.
Chirng minh:
i) Theo B6 dé 2.6, thi (m, ¢ (m)) =1, véi moi m la udc cua n. Do d6, moi nhém

con thuc sy va moi nhém thuong theo mot nhém con chuén tic khong tam thuong cua
G déu la cyclic (vi c6 cdp nho hon n).

i) Gia st Z(G)={1}. Theo i) nhom thuong G/Z(G) la nhém cyclic. Do d6 G
1a nhom abel va la nhém cyclic (vo 1y). Vay Z(G) = {1}.
1.8. Bé dé:
Chox#1 la métphdn tir cua mot nhom con cuc dai U cua G. Khido U la nhom tam
hoa C.(X) ciia x trong G. Hon nita, bat ky hai nhém con cuc dai phan biét U, V ciia G
déu c6 giao tam thirong.
Chirng minh:
Vi U la nhom con thyc su cua G nén U la nhom cyclic, suy raU < C,(X).
Theo B6 d¢ 2.7, Z(G) = {1}, nén C;(X) la nhom con thuc sy ctia G. Do tinh cuc
dai cia U, taco U= C;(X).
Gia st U, V la hai nhém con cuc dai phan biét cia G sao cho UNV = {1}.
Khi d6 tdntail# x e UNV,vatacé U= C,(x) =V (mau thuin). Vay UNV = {1}.
B6 dé da duoc ching minh.
1.9. Bé dé:
Bét ky nhom con cuc dai U nao ciia G déu bang nhom chuan hoa N;(U) cia U trong

G. Ngoai ra, néu U 12 mot nhom con cuc dai cép U cua G, thicac 16p lién hop cua U
chtra ding n - n/u phan tir khac 1.

Chirng minh:

Vi U la nhom con thyc sy cia Gnén U < N, (U), va U la nhom cyclic.

VxeN,U)= x'axe U, Vae U Doddoanhxaa:U > U, aa x'ax,
1a mot ty dang cdu cia U. Néu U c6 cdp m,thi nhdm Aut(U) c6 cip ¢ (m). Vi m|n
nén ¢(m) chia hét ¢ (n).

Do ord(x) | n, nén a"(a) = x "ax" =a,suyra «" =1, va ord(a)|n.
Pong thoi ord(a) |¢(n), va (n, ¢(n) =1, suyra ord(e)=1.Dodo a laty
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dang cau dong nhat ciia U, va x € C4(U).

Néu x ¢ U =(U,x) =G = x e Z(G) (trai voi Bo d&& 2.7). Vay x € U, va
dodd Ng(U) < U, hay Ng(U)=U.

Ta biét, s6 céc lién hop ctia U bang [G:Ng(U)]. NhungNg(U)= U nén
[G : NG(U)] = n/u. Do U 1a nhém con cuc dai cua G, nén cac lién hop ctia U ciing 1a
nhom con cuc dai cua G.

Tir B6 @& 2.8, ta c6 bat ky hai nhém lién hop phéan biét nao cua U déu cé giao
tam thuong nén cac 16p lién hop cia U chita (U - 1)n/u phan tir khac 1.

B6 dé da duogc ching minh.
2. Chirng minh Dinh ly
2.1. Pinh Iy.[2] Cho n la mét s6 nguyén dwong. Khi dé nhém cyclic cip n la nhém
duy nhit cé cdp n, néu va chi néu (n, ¢ (n)) =1, trong dé ¢ 1a ham Euler.
Chimg minh: Néu n = 1, hodc n 1a mot s6 nguyén t6 thi Dinh 1y hién nhién dang.
Piéu kién can: Dé co duy nhit mot nhém cip n, theo Ménh dé 2.5 thi n 13 sd nguyén
khéng c6 nhan tir chinh phuong, nghia la n= p,p,L p, 1a tich ctia k s6 nguyén t6 phan
biét tirng d6i mot. Theo 2.3. thi ¢(n) = (p;—1)(p2 —1)...(px —1).

Gia st (n, ¢(n))= 1. Khi do, ton tai cac sé nguyén t6 p, g sao cho n = pgm, vai
p chiahétq-1 va m khong chia hét cho p va q.

Ta c6 Aut(C(q)) 1a nhém cyclic cdp g-1. Do p chia hét g-1, nén nhém Aut(C(q))
c6 mot phan tir £ cap p, va ta co ddng ciu sau day

6: C(p)=<a>—— Aut(C(q))
at a f'=fofo.of (tlan)
trong d6 0 < t<p.

Khi d6 tich nira truc tiép C(q) Xe C(p) 1a mot nhom khong giao hoan cip pq,
va do d6 [C(q)¥eC(p) ]xC(m) 1a nhoém khong giao hoan cdp n = pgm. Diéu nay trai
v6i gia thiét c6 duy nhat mot nhom cap n 1a nhém cyclic C(n). Vay (n, ¢ (n)) = 1.
Piéu kién dii: Ta s& chimg minh diéu kién du ciia dinh 1y bang phan chimng.

Gia sir ton tai s6 nguyén duong m, véi (m, ¢(m)) = 1 ma c6 nhidu hon mot

nhom cap m. Goi n 13 sb nguyén dwong nhé nhit sao cho (n, ¢(n)) =1 va G la mot

nhém khong cyclic cap n.
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Goi U 1a nhom con cuc dai cap u ciia G, khi @6 u>1 (vi G khong cyclic). Theo
B0 dé 2.9, t6n tai phan tr X € G khong chira trong bét ky lién hop nao cia U. Goi V 1a
nhom con cuc dai cua G chira X va khong lién hgp véi U. Khi d6, cac lién hop cua U,
va cac lién hgp cia V déu 1a nhoém con cuc dai caa G. Theo B6 dé 2.8, thi bat ky lién
hop ctuia U va bit ky lién hop cua V déu c6 giao tAm thudng.
Ap dung B6 @6 2.9 dbi véi V, ta co cac lién hop ctia V chira n - n/v phan tir khac 1.
Nhung G chi ¢6 n -1 phan tir khac 1, tir d6 cho ta bat déng thic
n-nlu+n-nv<n < u<u+v

di€u nay mau thuan vi u >1.

Vay dinh 1y da dugc ching minh.
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ABSTRACT

Let n be a positive integer. "When is there a unique group of order n ?”. The
answer was given to this question but has not been widely known, even in textbooks on group
theory. In this paper, we would like to introduce an answer to the above question.
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