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PINH Li HQI TU THEO TRUNG BiNH POI VOI MANG CAC BIEN
NGAU NHIEN NHAN GIA TRI TRONG KHONG GIAN BANACH

Lé Vin Diing, Ton Thit Ti*

TOM TAT
Cho {X;;i=1 j>1} 1a mang cac bién ngdu nhién nhan gia trj trong khéng gian
Banach E voi chuan |||, {a,;;m=Ln>11<i<u,,1< j<v }Ha mang cic hang s thuc,

trong bai bdo nay ching téi thiét 1ap diéu kién du dé thu dworc dinh i hdi tu theo trung binh dang

k

Z I A X i

i=1 j=1

max

1<k<up
I<l<vy

Lp - re ~
—khinv m — oova dinh li hdi tu theo trung binh véi chi s ngdu nhién

Tm

> i B X

=1 j=1

Lp
dang —0 khinam— oo, trong 6 {T;m =1} va {r,,n >1}1a day cac dai lvong

ngdu nhién nhan gia tri nguyén dwong,{u_;m>1}{v ;n >1}ia 2 day cac sb nguyén dwong
théda man rLIIHO u, = ALTOV“ = o0, Cac két qua ctia chung téi la mé réng cac Pinh |i 1 va Dinh 1i 2
Cf’Ja Rosalsky va cac té\_c gia khac [3]. Hon nFPa, tte k‘ét qua hc}i tl'_J theo ’Erung binh, ap qUng pét
dang thirc Markoy ta dé dang suy ra dwoc két qua vé luat yéu s6 Ién déi véi mang nhiéu chiéu
cac dai lwgng ngau nhién.

) Twr khoa: Héi ty trung binh; Mang hai chiéu; Bién ngau nhién Banach-gia tri; Dai lwong
ngau nhién; Luat yéu so I&n.
1. Pit van dé
Cho khong gian xéc suat day du (Q,F ,P) va E 1a khong gian Banach kha ly, thuc véi
chuan ||-||. Trong bai bdo nay ching t6i mo rong két qua ciia Rosalsky va céc tac gia
khac [3] cho mang cac bién ngiu nhién nhan gié trj trong khong gian Banach p-tron déu
doi vo1 mang hai chi€u cac bién ngau nhién nhan gia tri trong khong gian Banach p —
tron déu.
2. Két qua nghién ciru

Véi a,bej ki hiéu max{a,b}, min{a,b} lan luot 1a avb,aAb. Trong bai bdo nay
chung t6i ki hiéu C 14 hang s6 duong tong quat khong nhét thiét phai gidng nhau trong
mdi 1an xuat hién. Cho khéng gian xac suit diy du (Q,F,P)va E Ia khong gian
Banach kha ly, thuc voi chuén ||-||, bién ngiu nhién X : Q — E duoc goi 1a bién ngdu
nhién E -gid tri. Trong truong hop E = ,ta s& goi X 1a dai lirong ngdu nhién.

Scalora [4] dua ra khai niém ki vong c6 diéu kién cua bién ngiu nhién E -gia tri. Vi
X 14 bién ngdu nhién E -gié tri va G 1a mot o -dai s6 con ctia F , ki vong c6 diéu kién
E(X /G) duoc dinh nghia twong tu nhu ki vong ¢ diéu kién cta dai lwong ngu nhién

va ta cling c6 cac tinh chit tuong tu.
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Mot khong gian Banach kha ly, thuc E duoc goi 1a khong gian p-tron déu
(1< p<2) néu ton tai hang s6 duong C sao cho v6i moi diy bién ngiu nhién E -gia tri
{X,;1<k <n}tadéu co

EmaXIIZX I|"<CZE X P

1<k<n
D& dang thiy rang moi khéng gian Banach kha ly, thuc déu 1a khong gian 1-tron déu,
tap sO thuc v6i chudn gia tri tuyét ddi 1a khong gian 2-tron déu. Néu E 12 khong gian p-
tron déu véi 1< p<2 thi E I1a khdng gian r-tron déu véi 1<r < p. Cac tinh chit cua
khong gian p-tron déu c6 thé tim doc trong tai liéu tham khao [2].
B6 dé sau duoc cung cip boi Dung [1].
1.1.1.Bé dé. Cho 1<p<2vaE la khong gian Banach p-tron déu. Cho
{X;1<k<m1<1<n}la mang cic bién ngdu nhién E -gia tri théa man diéu kién
E(X, |Fy)=0 véi moi 1<k <m,1<l<n véi F la o - dai s6 sinh béi cic dai lirong

ngau nhién {X;; :i <k hogc j<I}, Fy, ={Q,&}. Khi ds,

E max || Sy lIP< CZZE I X II°

k=1 I=1

ko1

trong do S, =ZZ Xi-

i1

Trong cac két qua sau day chung toi xét (Q,F ,P)la khong gian xac suat day du,
E la khong gian p-tron déu véi 1< p<2; {X;:121, j>1}1a mang cac bién ngau nhién
E-gia tri, {u, ;m>1{v;n>D1a 2 didy cic sd nguyén duong thdoa main

limu, =limv, =0 va{a, ;;m>Ln>11<i<u, l<j<V}lamangcachangsothuc

m—o0 n—oo

1.1.2.Pinh 1. Néu ton  tai mang  cdc  hang  s6  dwong
{Crmijpym=Ln>11<i<u 1< j<v }saocho

ZZcmnu i I”—> 0 khinvm— o0 va (2.1)
i=1 j=1
35 @ P EN X ([ X 1> Cog) P> 0 khi nvm = oo, (2.2)

i1 j=1
Khi do,
k 1 [
ax > an X; 50 khinvm - o,

:I_k<u i1 j1

1<I<v,

Va do do, ta thu dwoc ludt yéu 56 I6m
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iiamnijxij —P>0 khinvm — oo,

i-1 -1
Chitng minh.
k| P Uy Vg o
E max ZZ Xl <CSTSTEN A, X, P (do Bé dé2.1.1)
jéukiv“nm i=1 j=1 i=1 j-1
=Y Yla,, " El X, °
i=1 j=1
=C> Y Jan I Bl X, 10 X0 <P +CY > a, P EI X, 1T Xl >l °
i1 j= i1 j-1
<szlznlcmnu mnij |p +szlzn:|amnij |p Ell Xijlﬂ Xij" >Cmnij)" P 30 khinvm— oo
i=1 j=1 i=1 j=1

Bay gio véi moi & >0, ap dung bét dang thirc Markov ta co

[ >5J<—E ZZam”x

Un

>3 A X,

i=1 j=1 i=1l j=1
1 p
<1 .
i Elggﬁ ZZammJX — 0 khinvm— .
1<l<v, i=1 j=1
bPinh 1i dugc ching minh. O

1.1.3. Pinh li. Cho {T ;n>1} va {r,,n>1} la hai day cic dai lwong ngdu nhién nhdn

gid tri nguyén dwong, doc ldp véi {X.:i>m, j >n}, théa man diéu kién

ij?

limP{T, >u }=limP{z, >v,}=0. (2.3)

Neu ton tai mang cac hang so duong {C,;;; m=21,n>11<i<u_ ,1<j<v }sao cho
(2.1) va (2.2) théa mén va ton tai cdc sé nguyén dirong m,, N, sao cho

o0

M = sup chmnu nmij |p<oova

m2mg,N2Ny j=1 j=1

N= sup ZZ| A I” El X (X5 1> Cmnij)”p<oo'
m=mg,n2ny j=1 j=1
Khi do,

Tm Tn

2.2 8 X

i=1 j=1

(2.4)
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Va do dé thu dwoc ludt yéu sé I6n
ZZammJX S50 khinam— .
i=l j=1

Chirng minh. Bat B, ={T, =K, 7, =1}, Ppyus = P(B,q) » ta CO

Tn

Ty © k
Z a'mnij Xij = ZZ (Z mnu u)l (ankl) Vl Vay

i=1 j=1 k=1 1=1 i=1 j=1
© ® k | P
Zzamnuxu _ZZE Zzamnijxij I(anm)J
i1 j-1 k=1 1= i1 j-1

ko1

B2 am X, p SCii pmnklZZE‘

i=1 j=1 k=1 I1=1 i=1 j=1
ko
mnkIZZE‘
=1 i=1 j=1
o © k |
kzz pmnklZZE‘

i=1 j=1

= Zw:i P 8, X (do BS dé2.1.1)

k=1 I=1

p

amnuxulu X " = mnu)

||
TTMs

i X5 1 Xl > €

mnij mnij )

=CK,, +CL,,.

Dé chiing minh két luan (2.4) ta s& chimg minh K, —0 va L, —0 khi man— .

Trude hét ta co

©  ®© k |1
Kmnzzz IZZE‘ammjx Iu X"— mnu)p
k=1 1=1 i=1 j=1
o © k |1
< ZZ pmnklz c:mmj |amn|j |
k=1 I=1 i=1 j=1
Uy Va Kk
2

|
Z mnlj mnu Z Z pmnklzzcmnmj mnlj
k=1 1=1 i=1 j=1 m+ll=v,+1 i=1 j=1
u k

| k |

Zcrgnu |amn|j |p + z Z pmnklzzcrﬁnij |amnij |p

k=1l=v,+1 i=1l j=1 k=u,+1 1=1 i=1 j=1

= nljlamnulp P{iSngumijTnSVn}
i=1 j=1
© 0 Un © 0 Vi
M Z Z pmnkl + M z Z pmnkl + M Z z pmnkl
k=uy,+11=v,+1 k=1 l=v,+1 k=u,+1 1=1

10



UED JOURNAL OF SOCIAL SCIENCES, HUMANITIES AND EDUCATION VOL.2, NO.2 (2012)

< zz Cmnu mnij |p +M z Z pmnkl +M Z Zn: pmnkl

i=1l j=1 k=11=v,+1 k=u,+1 1=1

<ZZCan A I” +MP{z, >V }+MP{T  >u }—>0khinam—

(do (2.1) va (2.3)).

Bién doi trong tu ta ciing cd

o ™ k |
= zz pmnkl ZZ E Hamnu Xu I n X " > Cmnlj )H

k=1 1=1 i=1 j=1
Up  Va k 1
= pmnkl ZZ E Hamnij Xij I u XijII > Cmnij )Hp
k=1 I1=1 i=1 j=1
0 0 k |
+ z z pmnkl ZZ E Hamnij Xij I u Xij" > Cmnij )Hp
k=uy,+11=v,+1 i=1l j=1
U, oo k 1
+ z Z pmnkl ZZ E Hamnij Xij I U Xij" > Cmnij )Hp
k=11=v,+1 i=1l j=1
oV k1
+ z pmnkl zz E “amnu Xu I ﬂ X " > CmnlJ)H
k=uy,+1 1=1 i=1l j=1
<3S E[Ja X 10X, > )| PE<T, <u, j<7, <v,}
i=1l j=1
+ N Z Z pmnkl + sz Z pmnkl + N Z Zn pmnkl
k=u,+11=v,+1 k=1l=v,+1 k=u,+1 1=1
< Zmlzn: EHamnij Xij I u XijII > Cmnij)”p + NZ Z pmnkl + N Z zn: pmnkl
i=1l j=1 k=1 1=v,+1 k=uy,+1 1=1
< ZZ E @y X 10 Xyl > ¢)||” + NPz, >V, 3+ NP{T, >u,}
i=1 j=1

—>0 khinaAm—oco(do (2.2) va (2.3)).
Bay gio v6i moi & >0, ap dung bét ddng thirc Markov ta 6

(ZZammJX >g]<—E DD ami X —>0 khi nvm — oo,
=1 j=1 i=1 j=1
Pinh 1li dugc chung minh. O

3. Két luan
Trong bai bao nay chung t6i di thu dugc cic két qua méi vé hoi tu theo trung binh
doi véi mang cac bién ngau nhién E -gia tri véi chi ngau nhién va khong ngau nhién.
Céc két qua nay duoc thé hién ¢ Dinh 1i 2.1.2 va Dinh 1i 2.1.3.
11
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MEAN CONVERGENCE THEOREMS FOR ARRAYS OF BANACH-VALUED
RANDOM VARIABLES

Le Van Dung, Ton That Tu
Faculty of Mathematics, The University of Danang, University of Science and Education

ABSTRACT
Given a double array of E-valued random variables {X;;i>m,j>n},
{aj;m=Ln>11<i<u,,1< j<V }which is an array of real constants, in this paper we
establish  sufficient conditions for mean convergence without random indices

k |
PIPIL IS

i=1 j=1

LP
max —0asnvm-—>oand mean convergence with random indices

1<k<uy,
1<I<y,

Tn  Tn

2. B Xy

i=1 j=1

L
50asnAm— o, where {T_, m>1} and {r,,n>1} are sequences of positive

integer valued random variables, {u ;n>1}{v.;n>1}are sequences of positive integers

satisfying limu_ =limv, =oo. These results are based on the extension of theorems 1 and 2

m—o0 n—o0
by Rosalsky and other theorems by other authors [3]. Moreover, from the results of mean
convergence, by using Markov inequality, we easily obtain weak laws of large numbers for
arrays of E-valued random variables.

Keywords: Mean convergence; two-dimensional arrays; E-valued random variables;
Random Variables; Weak laws of large numbers.
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