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VANH MA MOT LOP MOPUN NHUNG PUQC VAO MODPUN XA ANH
Banh Dirc Diing™
TOM TAT

Nam 1967, Faith va Walker c6 dinh ly dac trweng vanh quasi-Frobenius ndi tiéng, do la
vanh R la quasi-Frobenius néu va chi néu moi R -médun phai ndi xa 1a xa anh. Tl d6 suy ra
réng néu moi R -médun phai déu nhing dwoc vao mot R -moédun phai xa anh, hodc mot cach
twong dwong nhdng vao mot R -mddun tw do, thi R 1a vanh quasi-Frobenius. M6t cau hoi tw
nhién dat ra la, néu khéng phai moi médun nhing dwgrc ma chi mét Iép moédun nao dé thi vanh
R s& nhw thé nao? Vanh ma moi médun phai hiru han sinh (twong ng, moi mddun cyclic)
nhang duoc vao mdt médun tw do duwoc goi la FGF phai (twong (rng CF phai). Hai cau hdi van

con mé cho dén nay do la:

(1) Vanh FGF phai c6 la QF?
(2) Vanh CF phai co la artin phai?

Cau hdi (1) va (2) nay lan lwot dwoc goi la Gia thuyét FGF va Gia thuyét CF. Néu gia
thuyét CF dwoc giai quyét thi gia thuyét FGF ciing dwoc gidi quyét do mét vanh artin phai, FGF
phai 1a QF. T khi Faith d&t tén cho cac I&p vanh nay dén nay, da co rat nhiéu céng trinh cia
rat nhiéu tac gia cho nhirng cau tra |&i tiém can. Trong bai viét nay ching toi gi¢i thiéu mot cach
tbng quan cac két qua dat dwoc vé cac I6p vanh nay va mot sd cau héi mé.

Tur khoa: CF vanh, FGF vanh, QF vanh
1. Gioi thiéu

Trong bai viét nay, vanh R di cho ludn dugc gia thiét 1a vanh két hop c6 don vi
1#0 va moi R-mddun dugc xét 1a modun unita. Nhitng khai niém va két qua co ban
chung ta c6 thé tham khao trong F.W. Anderson and K.R. Fuller [1], C. Faith [4], T.Y.
Lam [12], W. K. Nicholson and M. F. Yousif [15].

Véi vanh R d cho, ta viét M, (M) dé chi M 1a mot R -modun phai (trai,
tuong tmg). Khi khong sg nham 14n vé phia ciia modun, dé don gian ta viét médun M
thay vi M. Ching ta ding cic ky hicu A, <M/ (A, <M, A, = M) dé chi A Ia
modun con (trong Gmg, modun con cdt yéu, ddi cot yéu) cia M ; cin Jacobson, dé cua
moédun M, dugc ky hiéu twong ung 1a Rad(M;),Soc(M,); J(R) duoc ding dé ky
hiéu cho can Jacobson ctia vanh R .

Vanh R duogc goi 1a ndi xa chinh phdi (hodc P-néi xa phdi) néu moi idéan phai
chinh cua R 1a m& rong dugc. Do d6, moi vanh ty ndi xa phai 1a P-ndi xa phai. Tuy
nhién, diéu nguoc lai khong dang, chiang han, moi vanh chinh qui 1a ndi xa chinh ca hai
phia. Mot modun Q. dugc goi 1a FP-ngi xa néu v6i moi déng cAu tir mot moédun con
hitu han sinh K cua mgt R -modun phai ty do F vao Qg déu c6 thé mé rong 1én toan
F; . RO rang, moi modun ndi xa la FP-noi xa. Néu R 1a vanh chinh quy, moi R -modun
phai 1a FP-ndi xa vi mgi modun con hitu han sinh cia mot moédun ty do 1a mdt hang tur
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truc tiép (theo [15, Theorem B.54 va Corollary B.49)).

Vanh R duogc goi 1a CS phdi néu moi idéan phai déu cbt yéu trong mot hang tir
truc tiép cua R, va dugc goi la C2 phai néu moi idéan phai dfmg cu véi mot hang tr
tryc tiép thi ty nd ciing 12 hang tir truc tiép. Néu vanh R vira 1a CS phai, vira 1a C2 phai
thi ta goi R 1a vanh lién tuc phai. RS rang ddy déu 1a cac 16p vanh mé rong cua 16p
vanh tir ndi xa phai. Mot vanh duoc goi 1a C2 manh phdi néu M .(R), n>1, 1a C2 phai.

Mot vanh R duoc goi la Kasch phai néu moi moédun phai don K nhing duoc
vao R,, hoac mot cach tuwong duong néu Rs ddi sinh ra K. Mot vanh duoc goi la
psuedo-Frobenius phdi (viét tat 1a PF) néu nd 1a tw ndi xa phai, nira hoan chinh va c6 dé
phai cot yéu, hodc mot cach tuong duong, 1a vanh tu ndi xa phai va co dé phai hiru han
sinh ¢t yéu. Vanh R dugc goi 1a quasi-Frobenius (viét tit 1a QF) néu no 1a vanh artin
hai phia, ty n6i xa hai phia.

2. Cac két qua vé cac 16p vanh FGF va CF

Két qua dau tién chung t6i gidi thiéu ¢ day thudc vé Faith (1967), moi vanh CF hai phia
la QF.

Pinh ly 1 (Faith -Walker, 1967). Mot vanh 1a QF néu va chi néu moi modun trai cyclic
va moi modun phai cyclic nhung dugc vao mdt mdédun xa anh.

Tiép d6 1a két qua thuoc vé Bj@k (1969) va Tolskaya (1970) két hop diéu kién FGF
véi diéu kién vanh tu ndi xa cung phia.

DPinh ly 2 (Bj&k, Tolskaya). Moi vanh tu ndi xa phai FGF phai la QF.

Vi dy sau ddy chi ra rang ton tai mot vanh CF trai nhung khong 1a FGF trai, va
do no6 khong phai 1a QF nén theo dinh 1y trén n6 ciing khong 1a CF phai.

Vi du 3 (Bj&K). Gia st F 1a mot truong cb trudng con thyc sy Fva aa & 1a mot
déng cdu tir F 1én F . LAy R la khong gian vécto vé6i co sd {1t} vaxem R nhu 1a mot F
- dai sb boi dinh nghia t° =0 va ta=at véi moi a€ F. Khi d6 cac R-mddun trai
cyclic chi1a 0, Rva R/J = J. Do mdi mdt trong ching 1a nhiing duge vao ;R nén R

la CF trai. Nhung do R khong tu ni xa trai (thdm chi cting khong ndi xa bé bén trai)
nén R khong la QF, do d6 cling khong FGF trai. Cling do R khéng la QF nén R khéng
phai 1a CF phai (xem [15, Example 2.5 va Example 7.3]).

Bang cach thém vao cac diéu kién day chuyén, Faith (1983) c6 mot s6 két qua nhu sau:
Trude hét ong chimg minh cho trudng hop diéu kién FGF két hop voi didu kién Artin
cung phia.

Dinh Iy 4 (Faith, 1983). Néu R 1 vanh artin phai, FGF phai thi R 12 QF.
Tir d6 ta d& dang suy ra cac két qua:
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Hé qua 5. Cho R 1a mot vanh FGF phai. Khi d6 R 13 QF néu mot trong cac diéu kién
sau day xay ra:

1. R théa man DCC trén cac id€an linh hoa tir phai;

2. R thoéa man ACC trén cac id€an linh hoa tir trai;

3. R lavanh Noether tréi;

4. R lavanh Artin trai.

Tiép 4o, Faith da két hop diéu kién FGF phai v6i diéu kién vanh c¢6 dé phai hiru han
sinh cot yéu:

Pinh ly 6 (Faith, 1983). Néu R 1a vanh FGF phai va c6 dé phai hitu han sinh c6t yéu thi
R la QF.

Tir d6 6ng suy ra dugc két qua
DPinh ly 7 (Faith, 1983). Moi vanh Noether phai FGF phai la QF.

Két qua sau dy thudc vé Nicholson va Yousif (2003) cho mot cach tiép can khac bang
cach giam tinh chat FGF xudng 2-GF va tinh chat C2-manh:

Pinh ly 8. Gia st R l1a vanh C2 manh phai sao cho moi R-modun phai 2-sinh nhdng
dugc vao mot modun tu do (con ky hiéu 1a 2-GF). Khi do R la QF.

Nhiig diéu kién trong hé qua sau ddy déu suy ra tinh chat C2 manh.

Hé qua 9. Gia str vanh R ¢6 tinh chét 1a moi R-médun phai 2-sinh nhing dugc vao mdt
modun ty do. Khi d6 R 1a QF néu né théa man mot trong cac diéu kién sau déy:

1. R lanuachinhquyvei J=2,.

2. R laKasch trai.

3. R 1a ntra hoan chinh v&i Soc(eR) =0 véi moi lily dang dia phuong e? =eeR
(chang han R la vanh hoan chinh phai).

4. R laFP-ndi xa phai.

Két qua sau day mo rong két qua ciia Bj@k -Tolskaya néu trén:

Pinh ly 10 (Gomes Pardo-Guil Asensio, 1997). Moi vanh CS phai CF phai la artin phai.
bac bi¢t, moi vanh CS phai, FGF phai 1a QF.

Theo mot huéng mé rong khac, Rada va Saorin (1997) ciing ¢6 duogc két qua

Pinh ly 11. Gia st R la vanh FGF phai sao cho R/ J(R) la chinh quy va J(R) la T-
Ity linh phai. Khi d6 R la QF.

bac biét, khi nghién ctru cac vanh CF mot phia va ntra hoan chinh (1999), ho cling chi
ra rang mot vanh hoan chinh trai CF phai 4 Artin phai. Do d6:
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Pinh ly 12. Cho R la vanh FGF phai hoan chinh trai. Khi do, R 1a QF.
Chen va Li (2004) mé rong cac két qua nay nhu sau:
Pinh ly 13. Moi vanh CF phai, C2 manh phai Ia artin phai. Moi vanh CF phai, hoan
chinh tréi 1a artin phai.

Theo mot hudng khac, nim 1983 Menal c6 két qua ddc trung vanh QF qua tinh
chat CF mét phia:
Pinh ly 14. M6t vanh CF phai va E(R;) la xa anh 1a vanh QF.

Sau d6, Pardo va Asensio (1997) dd mé rong tinh chit nay nhu sau:
Pinh Iy 15. Cho R 12 mét vanh, ki hiéu E = E(Rg) va S = End(E), J = J(S). NéuR la CF
phai E/JE 1a hitu han sinh thi R 1a Artin phai.

Quan hé mat thiét voi 16p vanh CF 1a cac vanh CEP: vanh R dugc goi 1a CEP
phai néu moi R -modun cyclic co thé nhung c¢dt yéu vao mot médun xa anh. Vao nim
1990, Jain va Lopez-Permouth da ching minh mdt vanh nira hoan chinh, CEP phai 1a
artin phai (thuc té 1a két qua nay vé sau dugc Pardo va Asensio chimg minh khong can
diéu kién nira hoan chinh) va dua ra mét sd két qua:

Pinh 1y 16. Vi mot vanh R bat ky, cac diéu kién sau 1a tuong duong:

1. R IaQF.

2. R la CEP phai va E(R;) la xa anh.

3. Baondi xa cuia mdi R -mddun phai cyclic 1a xa anh.

Néam 1997, Pardo va Asensio da chirng minh:

Pinh ly 17. Mt vanh CEP phai la artin phai. Do do, vanh ma moi modun phai hiru han
sinh nhiing dugc cdt yéu va mot modun tu do 1a QF.

Gia sir P 1a mot tinh chat ciia vanh. Vanh R duogc goi 1a P day dii néu moi médun
thwong ctia R ciing c6 tinh chat P . Nam 2002, Faith va Huynh c6 két qua:

Pinh Iy 18. Vi mot vanh R cac diéu kién sau déy 1a twong dwong:

(1) R la QF day du.

(2) R 1a FGF phai day du.

Nam 1983, Menal dat cau hoi réng: Co ton tai hay khong mot ban s6 vo han ¢
sao cho néu moi R -modun phai ¢ -sinh nhiing dugc vao mot moédun tu do thi R 1a QF.
Menal phong doan cau tra 161 1a khong, cu thé 1a: “Co mdt vanh R sao cho moi R -
modun phai dém duoc sinh nhiing duoc vao mot modun ty do nhung R khong 1a QF”.
Niam 1997, Pardo va Asensio di tra 10 mot phan cau hoi nay:
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Pinh 1y 19. Néu R 1a mét vanh sao cho moi médun thuong cua RéR’ nhung dugc vao

mot modun tu do thi R 1a QF.
Nhu vay, gia thuyét cia Menal da duogc tra 10i trong truong hop ¢ >R/, cau hoi van
con mo trong truong hop ¢ <| R|.

Nhitng cau hoi trén day la nhitng cau héi 16n va cting da hon mudi nam tro lai day
chua c6 thém nhiing két qua tot hon. Chung t6i tong hop sau day 1a mot sé cau hoi lién
quan khéc:

1. Ban sd ¢ nho nhét 12 bao nhiéu dé dam bao rang néu moi R-modun co lyc luong
nho hon hoic bang ¢ nhing dugc vao mot moédun ty do thi R 1a QF?

2. Mot vanh FGF phai, tu ndi xa phai 1a QF. Néu diéu kién tu ndi xa phai dugc thay
bang C2 manh phai thi két qua van dung. Vay néu chi can diéu kién C2 phai thi két qua
nay c6 con dung? Co thé thay thé didu kién tu ndi xa boi didu kién suy rong khac duoc
khong, chfmg han nhu P-ndi xa, ndi xa don,...

3. Néu bao noi xa cia mdi R-mddun cyclic 14 xa anh thi R 1a QF. Néu R 13 nira hoan
chinh va bao ndi xa cia mdi R-mddun phai don 1a xa anh thi R 1a PF phai (Dung-
Thoang-Sanh, 2008). Thuc té thi vanh PF mot phia c6 thé dugc dic trung qua 16p
modun nao dugc nhiing, hodc dac trung qua bao ndi xa ctia 16p moédun nao la xa anh?

4. Néu 16p cac R-mddun don nhung (cbt yéu) duoc vao mot modun tu do thi R 1
vanh c¢6 nhiing tinh chat gi, chang han, c6 1 nira hoan chinh?
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THE RING WHOSE MODULE CLASS IS EMBEDDED
IN PROJECTIVE MODULE

Banh Duc Dung
Ho Chi Minh University of Transport

ABSTRACT

Faith and Walker (1967) characterized QF rings as the class of rings if and if every right
injective module is projective. It can be implied that if every right R-module is embedded in a
projective module or, equivalently, in a free module, then R is QF. The question is if not all the
module but a class of it is embedded, how the ring R is. The ring of which every finitely
generated (cyclic) right R-module is embedded in a free module is called right FGF (resp. CF).
There have been two conjectures:

Right FGF ring is QF (FGF’s conjecture)?
Right CF ring is artinian (CF’s conjecture)?
If the CF’s conjecture is true, then so is FGF’s conjecture because a right artinian and

FGF ring are QF. In this paper, we introduce these problems generally and then pose some
open questions.
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