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TOM TAT

Khai niém db thi tach cuc dwoc dinh nghia vao ndm 1977 béi S. Foldes va P.L. Hammer. Cac db thi nay da va
dang dwoc nghién ctru nhiéu béi vi ching c6 lién quan cac van dé t& hop va khoa hoc may tinh nhw bai toan déng
goi va xép ba 16 trong quy hoach nguyén, ly thuyét matroid, nghién ctru ham Boolean, gidi quyét viéc x(r ly song song
trong cac chwong trinh may tinh va xac dinh céng viéc trong hé phan tan,... Mot trong nhirng v&n d& cha yéu trong ly
thuyét dd thi 1a bai toan t6 mau dd thi. Dac biét la xac dinh séc sb, da thirc t6 mau va nghién ctru tinh duy nhét t& mau
cla dd thi. Trong bai bao nay ching ta sé& xac dinh sc sb, da thirc t6 mau va nghién ciru tinh duy nhat t6 mau cla dd
thi tach cwc.

T khéa: db thi tach cuwc; t6 mau dinh (t6 mau); séc sé; da thirc td mau; dd thi duy nhét td mau.

ABSTRACT

The notion of split graphs was introduced in 1977 by S. Foldes and P.L. Hammer. These graphs have been
extensively studied because they are in connection with combinatorial problems and computer science such as
packing and knapsack problems, the matroid theory, Boolean function, the analysis of parallel processes of computer
programs and the task allocation of distributed systems... One of the fundamental matters in graph theory is the graph
coloring, especially the determination of chromatic number, chromatic polynomials, and the uniqueness of graph
coloring. This paper determines the chromatic number, chromatic polynomials and chromatical uniqueness of split
graphs.

Key words: split graph; vertex colorings (colorings); chromatic number; chromatic polynomials; chromatically
unigue graph.

1. Giéi thi¢u

Tét ca cac do thi duoc noi t6i trong bai bao
nay 1a nhitng don d6 thi hitu han, v hudng, khong
c¢6 khuyén va khong c¢6 canh bdi. Néu G 1a mot
d6 thi, thi V(G) (hoic V) duogc goi la tdp dinh va
E(G) (hoic E) dugc goi 1a tdp canh. Tap hop tat ca
c4c dinh la hang x6m cua tdp con S =V (G) dugc
ky hi¢u 1a Ng(S) (hoic N(S)). V6i mdi dinh
veV(G), ta goi [Ng (V)| 1a bac cia dinh v, ky
hiéu 1a degg (v) (hodc deg(v)). Db thi con cua G
cam sinh trén tap U cV(G) dugc ky hiéu la
GlU]. Po thi réng cap n va do thi day i cap n
1an luot dugc ky hidu 1a O, va K, . Ngoai ra, mot

s6 khai niém va ky hiéu khac dugc dinh nghia

trong [1].

D6 thi G=(V,E) dugc goi 1a do thi tach
ciee néu ton tai mot phan hoach V =1 UK sao
cho dd thi con G[I] 1a dd thi réng va d thi con
G[K] 1a db thi day du. Chung ta ky hiéu do thi tach
cuc 1a S(1 UK, E). Khai niém dd thi tach cuc
dugc dinh nghia du tién vao nam 1977 boi Foldes
va Hammer [11]. Cac db thi nay di va dang duoc
nghién ctru nhiéu boi vi ching ¢ lién quan nhiéu
dén cac van dé vé to hop va khoa hoc may tinh
nhu bai toan dong goéi va xép ba 16 trong quy
hoach nguyén [5], ly thuyét matroid [7], nghién
ctru ham Boolean [12], giai quyét viéc xir 1y song
song trong cic chuong trinh may tinh [8] va xac
dinh cong viéc trong hé phan tan [9],...

Gia st G 1a mot d6 thi va A 1a mot sb
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nguyén duong. Mot anh xa f :V(G) —> {12,...,/1}
dugc goi 1a A -t6 mau (A -coloring) cua do thi G
néu véi mdi cap dinh u, v ké nhau trong G ta lubn
c6 f(u)= f(v).S6 A nho nhat dé do thi G co
A -t6 mau duoc goi 13 sdc s6 cia dd thi G va
duge ky hiéu 1a ¥(G). D6 thi G duoc goi 1a k-
sdc néu y(G) =Kk va dugc goi 1a r-téi han néu
7(G)=r va y(H) < 7(G) voimoi H 1a dd thi
con thuc su cua G.

Hai A-t6 mau f va g cia d6 thi G duogc
goi 1a khac nhau néu ton tai U €V (G) sao cho
f(u)# g(u). Taky hieu P(G, 1) (hoic P(G)) la
s6 tat ca cac A -t6 mau khac nhau cia db thi G.
Nguoi ta dd chimg minh duge rang véi moi do thi
G, P(G,A) 1a mot da thirc cia A . Pa thic nay
duoc goi 1a da thirc t6 mau cua G. Khai niém da
thirc t0 mau duogc dua ra dau tién vao nam 1912
boi Birkhoff [2] khi 6ng c¢6 gang tim kiém 161 giai
bai toan bon mau. Pén nay da thu dugc nhiéu két
qua siu sac.

Hai db thi G va G dugc goi 1a mrong
diwong 6 mau hay y-twong dwong néu
P(G,1)=P(G,A).

D6 thi G duoc goi 13 duy nhdt té mau hay
v -duy nhdt néu v6i moi @b thi G twong duong t6
mau véi G ta déu c6 G va G ding chu véi
nhau. Nhu viy, chu trac cua do thi duy nhit t6
mau G duoc xdc dinh hoan toan béi da thirc to

mau P(G, 1).
2. Co s6 1y thuyét va phwong phap nghién ciru
2.1. Co sé Iy thuyét

Trude hét 1a mot sb két qua da biét vé do thi
r-toi han.

pinh Iy 1 ([3]). (i) Moi do thi r-sdc déu

chira dé thi con r-toi han.

(ii) Néu H la do thi r-téi han va H khong
la d6 thi ddy di, thi N (H)| =1 +2.

Do thi G duogc goi 1a do thi lién théng néu
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giita hai dinh bat ky cia G déu ton tai mot duong
di. Pb thi G duogc goi 1a k-lién thong (k = 2) néu
hodc G 14 db thi day du K, ,,, hoic G c6 it nhat
k + 2 dinh va khong c6 bat ky tap nao gom k — 1
dinh tach dugc nd. Tiép theo 1a mot s két qua da
biét vé cac db thi twong duong t6 mau.

pinh ly 2 ([13]). Gia sit G va H la hai do
thi twong duong té mau. Khi do

@0 NM@G)=NH);

(i) |[E(G)=|E(H);

(iii) x(G)=x(H);

(iv) G la lién thong khi va chi khi H la

lién théng;

(v) G la 2-lién thong khi va chi khi H la

2-lién thong.

Do thi lién thong y -duy nhit H dugc goi
12y -duy nhdt yéu néu a6 thi H U O, khong phai
la y -duy nhat. D6 thi lién thong y -duy nhat H
duoc goi la y -duy nhat manh néu dd thi H w0,
la y -duy nhat. Ta c6 mot s6 két qua sau dy vé do
thi y -duy nhét manh.

Pinh ly 3 ([10]). Giad sir G la do thi lién
thong 4 -duy nhdt. Khi d6 G 1a y -duy nhit
manh khi va chi khi G 1a 2-lién thong.

Pinh ly 4 ([14]). Gid sir G la do thi khéng
lién théng. Khi d6 G 14 y -duy nhdt khi va chi khi
G=HuO,, k>1, trongdé H la do thi y-duy
nhat manh.

2.2. Phwong phap nghién ciru

Dé dat dugc két qua nghién ciru, bai bao da
st dung nhiéu phuong phép nghién ctru khac nhau,
trong d6 phuong phap do thi va phuong phap to
hop la dugc sir dung nhiéu hon ca.

3. Két qua va danh gia
3.1. Két qua

Trude hét ta phat biéu va chimg minh két

qua sau day veé sac so cua do thi tach cuc.

Pinh 1y 5. Gida sir G=S(1 UK,E) /4 @6
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thi tach cuc véi | K|=n va
k = max {deg(u) |uel}.

khi do

(i) G la do thi n-sdac khi va chi khi k<n;

(ii) G la do thi (n + 1)-sdc khi va chi khi k = n.

Ching minh. (i) Giasae G=S(l UK,E) Ia
d6 thi n-sac. Vi G[I] 1a @0 thi rdng nén k <n.
Néu k =n, nghia 13 ton tai dinh u € | sao cho U
ké v&i tat ca cac dinh cua K, thi G chira d6 thi con
dang cau véi d6 thi K, ;. Nhu vay, »(G)=n+1,
mau thuln véi gia thiét G 1a do thi n-séc.

Nguoc lai, gia su rang k < n. D€ dang thay
ring y(G[K]) = n. Gid st

f:K—>{2..,n}
la. mot t6 mau dinh cia G[K]. Vi
IN(u)| = deg(u) <n v6i moi uel, sé cac mau
can thiét dé t6 mau cac dinh cua N(u) nho hon n.
biéu nay noéi lén rang tap
{1,2,....,n}\ f(N(u)) = ¢ . Xét anh xa
9:V(G) - {L2,...,n}

g(v) = f(v)
g(u) e f1,2,...,n}\ F(N(u)) v6i moi u el . Khi
d6 g lan-td mau ciia do thi Gvadodo y(G) =n.

sa0 cho v6i moi veK va

(ii) Suy ra truc tiép tir (i).
Tiep theo 1a két qua vé da thirc t6 mau cua
do6 thi tach cuec.

Pinh 1y 6. Gia s G=S(1 UK,E) Ia do
thi tach cuc véi 1 ={u,,u,,...,u, }, deg(u,)=t,
vei 1=1,2,...m va |K|=n. Knhi @6

P(G,A)=A4(1-1)..A—n+D(A-1)...
(A—t).

Chitng minh. Gia st K = {Vl,Vz,...,Vn} va
ta c6 thé t6 mau cac dinh ctia do thi G bang A
mau. D& thay dinh v, c6 A —i+1 cich t6 mau véi
i=1,2,...,n, con dinh u; co dang l—tj cach to

mau véi j = 1,2,....m. Do do sb cach td6 mau céc
dinh cta d6 thi G bang A mau la

P(G,A)=A(A-D)...A—n+)(A1-t)...
(A-t,).
Trong Bang 1 ta s& dinh nghia cac d6 thi trg
gidp G;'(t,,t,,...,t.) va HI'(t,t,,...,t,). Cé

diéu kién ciia m,n va t,t,,...,t. cho cac do thi

m
tuong ung dugc chi ra dudi tén cua dd thi trong
Cot 1. Céac tap con I va K ctia tap dinh V cho mdi
dd thi nay dugc chi ra trong Cot 2. Cudi cung,
trong Cot 3 ta chi ra cac canh cia dd thi tuong
tmg. Tu dinh nghia, dé dang thdy ring
G (t,t,,...,t ) va H"(t,t,,...,t ) 14 cac d6 thi

tach cuec.
Tiép theo ta chimg minh b dé sau déy.

Bo6 dé 7. (i) Hai do thi G (t,,t,,...,t,) va
H (t,t,,...,t,) la twong duong t6 mau,
(i) Hai do thi GI(t,t,,..,t,) Vva
H™(t,,t,,...,t ) khong dang cdu véi nhau.
Chirng minh. (1) Theo Pinh 1y 5 ta co:
P(GM(t,,....t.) = A(A-1)...
(A=n+D(A-t)...(A-t ),
va
P(H. (t,,....t,)) = A(A-1)...
(A=-n+D(A-t)...(1-t,).
Do d6 hai d6 thi Gl(t,t,,...t,) va
H (t,t,,...,t,) 1a tuong duong t6 mau.
(ii) Xét
A ={ueV(G(t,...t,)) | deg(u) =i
va
B, ={ueV(H"(t,...t,)) | deg(u) =i}.
D@ dang thiy ring
A :{vl,vz,...,vtl},Bmm_l:{vz,vs,...,vtl}.

Do d6 |Amn71| = |Bm+n71| +1. Tir 46 suy ra rang hai
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a6 thi G (t,t,,...,t.) va H (t,t,,...t) &

khong ddng cau véi nhau.

Bing 1. Cdc do thi G, (t,,t,,...,t,) va
HY (4, t,e0t)

bothi | Tépdinh Tap canh
G=(,E) |V=1UK| E=EuU..UE,,
Gl (...t )| ={u,..., Elz{ulvl,. ,ulvt}
m<2,
( Un} g, = Vs UyV, |
Iststy< [K={vn|
<t <n)

Vn} E ={umvl""’u vtm}
E

Ho (b)) =AUy

(m<2, ,Uthz}
ISty <t < |
Stm < I’l) K :{Vl,..., Em—l :{um—lvl’“”vtm,l}
Vn Em = {umvzy---v
umV(tm+1)}
Ena= {vivyli#];
i,j=12,.,n}

Tiép theo 1a két qua vé tinh duy nhét t6 mau
ctia d6 thi tach cyc lién thong.

Pinh 1y 8. Do thi tich cuc lién théng
G=S(| UK,E) 1a y-duy nhdt khi va chi khi
G ddang cdu véi do thi tich cuc lién théng
G =S(I'UK,E) vei [I'|=1.

Ching minh. Trubc hét ta chimg minh diéu
kién can. Gia st G=S(l UK,E) 1a d6 thj tach
cuc lién thong y -duy nhét véi |||= m, |K| =n.
Néu m>3 hoic m=2 nhung deg(u)<n véi
moi U e |, thi theo B6 dé 7, d& dang thiy ring G
khdng 13 y -duy nhat, mau thuan véi gia thiét. Néu
m=1 hodic m=2 nhung c6 dinh uel sao cho
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deg(u) =n, thi dé thdy G déng ciu véi dd thi tich
cye lién thong G' = S(I' UK, E) vei |I'|=1.
Bay gio ta chirng minh diéu kién du. Gia st
G =S(l UK ,E) 1a dd thi tach cuc lién thong
véi I'={u} va|K'|=n.Néu deg(u)=n thi G
1a db thi ddy du K_,. Do d6 G 1a 4 -duy nhét.
Vi véy ta c6 thé gia sir rang 1< deg(u) <n. Gia
sir R 1a dd thi sao cho P(R, 1) =P(G, ). Theo
Pinh 1y 2 va Pinh Iy 5, R 1a d6 thi n-sic, ¢ cép
la n+1. Theo Khang dinh (i) cia Pinh 1y 1, R
chira d6 thi con n-téi han H . D& dang thdy rang
V(H)[zn. V(H)|>n thi H khong 1a d thi
day du, boi vi H 1a d6 thi n-sic. Theo Khang dinh
(if) cia Dinh 1y 1, [V (H)| = n+2, mau thudn véi

n+l*

viée [\/(H)| < [\/(R)| =n+1. Do d6 ta chic chin
c6 |V(H)|=n.Néu H khong la d thi diy du thi
dé dang thdy rang y(H)<n, mau thuin. T d6
suy ra H 1a do thi diy da va do do
R=S(1UK,E) véi 1={u"}, K=V(H). Tu
P(R,A)=P(G, 1), theo Pinh 1y 6 d& dang thiy
ring deg,(U’) =deg, (u). Tur d6 suy ra R va
G ding cAu v6i nhau. Vay, G 1a y -duy nhit.

cu6§ cung 1a két qua vé tinh duy nhét to
mau cua do thi tach cyc khong lién thong.

Pinh 1y 9. D6 thi tach cuc khong lién thong
G=S(1 UK,E) 1a y -duy nhat khi va chi khi G
dang cdu véi do thi HUO,, trong d6 k=1 va
H=S(I UK ,E) la dé thi tach cuc lién thong
thoa man ‘|"=1 nhung ‘N(I)‘ >1 néu ‘K‘ >1.

Chirng minh. Tru6c hét ta ching minh diéu
kién can. Gia st G=S(l UK,E) 1a d6 thi tach
cuc khong lién thong y -duy nhit. Theo Pinh 1y 4,
G ding cdu véi G U0, , trong d6 k=1 va G
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1a 6 thi tach cuc y -duy nhat manh. Theo Dinh Iy
2, G thi tach cuc
H=S(1"UK',E") véi |I'|=1. Theo Binh Iy 3,

dang cau voi  do
H 12 2-lién thong. Do d6 [N (1) >1 néu [K'|>1.

Béy gio ta chimg minh diéu kién du. Gia st
G dang cau véi dd thi HUO,, trong d6 k>1
va H=S(l UK ,E) 1a db thi tach cyc lién
thong thdéa man ‘I"zl nhung ‘N(I')‘>1 néu
[K'|>1. Néu |[K'|=1 thi H 1a 2-lién thong, béi
Vi ‘N(I )‘ >1. Theo Pinh 1y 3, H 1a y -duy nhét
manh. Do d6 theo Pinh Iy 4, G 1a y -duy nhét.
3.2. Pdnh gid

Chiing ta biét rang, bai toan t6 mau dinh do
thi 1a bai toan kho va 1a mot trong nhimg van dé

trung tim cua 1y thuyét db thi. Cho dén nay bai toan
nay van chua c6 10i giai tong quat cho moi db thi,

ma chi co6 101 giai cho mot 16p dd thi nao d6. Theo
cach tiép can do, bai bao nay di giai quyét bai toan
t6 mau dinh mdt cach tron ven cho 16p dd thi tach
cuc: Xac dinh duoc sic s6, da thirc t6 mau va dic
trung duoc 16p do thi tach cuc duy nhat to mau.
4. Két luan

Trong 1y thuyét d6 thi, da c6 nhiéu két qua
nghién ctru vé bai toan t6 mau. Ddi v6i do thi tach
cuc, van dé nay cling da dugc mdt sb nha toan hoc
quan tdm nghién cuu va da dat dugc mot s két
qua vé t6 mau canh va t6 mau téng thé (xac dinh
sdc s6 canh, sdc sb tong thé va phan 16p do thi theo
sdc sb canh) [4]. V6i viéc tiép can van dé t6 mau
dinh, bai bao da giai quyét xong bai toan t6 mau
dinh ddi véi 16p @6 thi tach cuc, ddy 1a nhiing két
qua 1an dau tién duoc phat biéu va chimg minh,
g6p phan 1am phong phu thém cac két qua nghién
clru v& bai todn td mau noi chung va bai toan td
mau dinh noi riéng. Tir nhitng két qua nay, trong
tuong lai hy vong s& c6 nhiing két qua sau sic hon.
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