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TOM TAT

M6t mddun con N clia M dwoc goi la ddi cét yéu trong M, ky hieu N = M | trong trwng hop véi moi médun
con LM :N+L=M suyra L =M . Mot médun M dwoc goi la nang néu moi mddun con N clia M, tdn tai sy
phantich M =M, @M, :M, <N,M, "N = M. Lép cac mdédun nay d& dwoc nghién ciru trong cac ndm gan
day. Hon nira ngudi ta da chirng minh dwoc mét vanh la hoan chinh phai néu moi médun phai M, thi tdn tai toan cau
@:P—>M véi P xa anh va Ker(¢p)= P. béng thoi mét vanh R duoc goi la nika hoan chinh néu moi médun
phai (trai) don M, thi tan tai toan cdu @: P — M véi P xa anh va Ker(¢) = P. T céc tinh chét quan trong do,
trong péi béao nay chung toéi du’a’ra khai niem médun déi cét yéu don, médun nang don va ap dung cla chiing trong
mét sO I&p vanh va médun da biét.

Tir khéa: dbi cbt yéu; nang; doi cét yéu don; nang don.

ABSTRACT

A submodule N is called superfluous in M, write N = M, if for any submodule L<M :N+L=M
implies that L=M . A module M is called lifting if for any submodule N of M, there is a decomposition
M=M,®&M,: M, <N,M, "N = M.Recently, this classes are studied by the authors. A ring R is called
right perfect if for every right R-module M, there exists an epimorphism @:P — M with P is projective and
Ker((o) = P. Aring R is called right smiperfect if for every simple right R-module M, there exists an epimorphism
@:P — Mwith P is projective and Ker(¢)= P. In this paper, we study some generalizations of superfluous
submodules and lifting modules and their applications for classes rings and modules.

Key words: small; lifting; mono-small; mono-lifting.

1. Gi6i thiéu
Trong bai bao nay, vanh R da cho luon dugc
gia thiét 1a vanh két hop c6 don vi 1# 0 va moi

A<M (A<M),A<, M @ chi A 1a modun
con (t.u., thuc su), hang tir truc tiép ciia M.

Mot vai nam gan day, hudng nghién ciru mo
R-modun dugc xét 1a modun unita. Trong muc rong ciia modun nang duge nhidu ngudi quan tim
nay, chung t6i gidi thiéu nhiing khai niém co ban
dugc st dung trong bai bao. Mot sb khai niém
khac lién quan dén bai bdo ching ta c6 thé tham

khéao trong Wisbauer ([5]). V&i vanh R da cho, ta

va nghién ctu. Nam 2006, cac tac gia Clark,
Lomp, Vanaja va Wisbauer dd dua ra va nghién
ctru 16p médun nang. Nam 2005, Kosan da nghién
ctru vé didu kién cia modun ning va moédun con

viét M (tuong g, .M ) dé chi M 1a mot R-
modun phai (t.u, trai). Trong mot ngit canh cy thé
cua bai bao, khi khong s¢ nham lan vé phia cia
modun, dé don gian ta viét moédun M thay vi M R
Chung ta dung cac ky hi¢u
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bét bién hoan toan. Ciing theo do, ching ti da
nghién ctru moédun dbi cbt yéu don va ap dung cua
n6 trong 1y thuyét vanh va médun; cu thé 1a ap
dung ching vao 16p médun md rong cua lop
modun nang, d6 1a médun nang don.

Trong bai b4o nay, chidng tbi chirmg minh
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dugc rang mot modun con N cia M duge goi 1a
doi cot yéu don trong M néu va chi néu
N < Rad (M) (Ménh dé 2.2). Hon nita chung toi
con chirng minh dugc cac lop moédun nang don la
dong dudi tong truc tiép va mot moédun M goi 1a
ndng don néu va chi néu véi moi A<M, ton tai
A=N®S sao cho N, M va S=_M
(Ménh dé 3.2). Tir d6 ching tdi con ching minh
duge: Cho M 12 mbdun nang don va X <M . Néu
moi hang tir tryc tiép K cia M, (X +K)/X la
hang tir truc tiép caa M / X, thi M / X 12 mddun
nang don (Pinh 1y 3.7). Ngoai ra mét s tinh chat
khac ctia modun d6i cdt yéu don va moédun nang
don va céac vi du ctia chung ciing duogc xét dén.

2. Médun ddi cot yéu don

Pinh nghia 2.1. M¢t modun con N cia M
dugc goi 1a doi cot yéu don trong M, ky hiéu
N=_M néu véi moi neN,M =nR+K,véi
moi K 1a médun con thue su cia M, tire 1a voi moi
neN,nR= M.

Ménh dé 2.2. Cho N 1a mddun con ciia
modun M. Khi @6 N = M khi va chi khi
N < Rad(M).

Chitng minh. (=) Véimoi ne N . Taco:
N=_M nénnR= M .Khido:
nenR < Rad(M).Diéu nay chimg to
N < Rad(M).

(<) Voimoi neN.Do N c Rad(M)
nen neRad(M),suyranel, +1,+..+1, voi
l. = M,i=1k.Khidé tdn tai
Lyyyend, €l bl oin=i +i, +...+1,. Vi
thé NR<1, +1,+...+1,. Goi K 1a médun con
thuc su ciia M. Ta phai chi ra raing NR+ K # M.
Gia str nguoc lai NR+ K =M. Khi do:

(L+L+. . +1)+K=M. (2.2.1)

Laico: I, = M, I, = M,...,I, = M. Nén
(L+L+..+1)= M. (222
T (2.2.1) va (2.2.2) tacé K =M . Biéu

nay mau thudn vi K = M. Mau thuin nay ching
to ring NR+K =M . Suyra nR= M, véi
NeN. Nhuvay N= M.

Vidu2.3. (1) Véi moi modun M thi
Rad(M)= _ M.

(2) Néu Rad(M) =M thi moi mddun con
ctia M 1a ddi cbt yéu don trong M.

(3) Néu M 1a modun dia phuong thi moi
modun con thyc sy ciia M 1a doi cot yéu don trong M.

(4) Moi médun con ctia modun hong, khong
dia phuong M 1a doi cot yéu don trong M.

(5) M la Z-mbdun tu do. Tir Rad(Z) =0 ta
c6 Rad(M)=0. Khi d6 0 1a modun con ddi cbt
yéu don duy nhit cia M.

T bo dé trén, chiing ta bat dAu voi mot vai
tinh chat vé médun doi c¢ot yéu don, va cac tinh chat
nay thuong duoc stir dung cho cac két qua ve sau.

B6 dé 2.4. Cho A, B va C la cac modun con

cua R-mdédun M.

(1) Néu A= _ B vaB<Cthi A= C

(2) Néu A= _M,A<B va B<, M thi
A= _B.

(3) Néu A= _Mva f:M —N lamot
dong cau thi f(A)=_ f(M).

(4) Cho A<B. Khidé B=_M néu
vachinédu A= M vaB/A=_M/A

(5) Cho A, A,,..., A, 1a cac médun con
d6i cot yéu don caa M. Khi do:

A+A+.+A =M.

(6) A+B=_M néu va chi néu
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A= MvaB=_M.

(7) Cho N la mot moédun con cia mdédun
M, Rad(M)= M. Khi d6 N=_M néu va
chinéu N= M.

Chirng minh. (1) TerA=_B va do
BcC, taco AcRad(B) cRad(C). Vi vay
A= _C

2 Te A= M va AcB<, M, ta co
AcRad(M)nB.

Nhung (Rad(M)nB)=Rad(B) khi do6
AcRad(B).vay A= B

3)Te A=_Mnén AcRad(M),dof
1a mot ddng cdu nén f (A) < f(Rad(M)).Nhung
f(Rad(M)) c Rad(f(M)).

Khidé f(A)c Rad(f(M)).

Diéu nay kéo theo f(A) = _ f(M).

4 (=) Tr AcBvaB=_Mtacé
AcBcRad(M),nén Ac Rad(M), suyra
AcRad(M). Miatkhac B=_ M thi
f(B)y=, f(M)hay B/A=_M/A.

()Te A= _MvaB/A=_M/Ata
codugc Ac Rad(M)va B/Ac Rad(M /A).
Ma ta lai c6 Rad(M / A) < Rad(M)/ A. Tu day
tasuy ta B < Rad(M). Vi vay ta da chimg minh
dugc B=_ M.

(7 (=) ViN=_Mva Rad(M)= M
nén Nc Rad(M)= M .Dodo N= M.

(<) R6 rang.

3. M6dun niang don
Trong phan nay ching toi dua ra va nghién

ctru 16p modun mé réng cua 16p moédun néng la
16p mddun nang don.
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Pinh nghia 3.1.
ndng don néu, voi moi N <M ton tai sy phén tich
M =A®B saocho A<N va NNB la dbi cot
yéu don trong M c6 nghia 1a véi moi N <M | ton
tai sy phan tich M = A®B sao cho A<N va
N NBc Rad(M).

Ménh d& dudi day cho ta biét mot dicu kién

Modun M duoc goi la

tuong duong ciia mot moédun nang don.

Ménh dé 3.2. (1) Cac diéu kién sau day la
tuong dwong dbi véi modun M, :

(i) M lanang don.

(i) Véimoi A<M , tontai A=N@S
sasocho N<,MvaS=_M.

(iii) Vi moi A<M, ton tai N <, M
sasocho N<Ava A/IN=_M/N.
A<M, ton tai
e(M)<A va

(iv) V6i  moi
e=e’cEnd(M) sao cho
(1-e)A<Rad(1-e)M.

(2) Cac lop modun nang don la dong dudi

tong tryc tiep.
1) (@@)=(i) V&I moi
A<M, tir (i) ta cO M 1a nang don nén ton tai
M=N®N saocho N<Ava N NA=_M.
Khi d6 N®(N nA)=A (Luit Modular), nén
N'"A=S.Dodo S =, M.

Chitng  minh.

(ii) = (iii) Voimoi A<M , do (ii) nén
tontai A=N @S saocho N <, M va
S=_,M.Vsimoi a+ NeA/N,ae A;taco
(a+N)R= M/N. vaynénA/N=_ M /N.

(iii) = (iv) Véimoi A <M, do (iii) ta co
N <, M nén ton tai
e=e’cEnd(M):e(M)=N va 1-e)M =N.
Do N <A nén e(M) < A. Tiép theo chiing ta s&
chimg minh (1-e)A<Rad((1—e)M). That vay
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véimoi a€ A,
H<(@-e)M:(1-e)aR+H =(1—-e)M . Do do6
(a+e(M))R+H =(@1—e)M, ta suy ra dugc
(@+e(M))R+(H +e(M))/e(M)
=(1-e)M +e(M)
Vi vay
(a+e(M)) R+ (H+e(M))/e(M) =M / e(M) T
(iiiytaco A/e(M)= _ M /e(M). Vay nén
H+e(M)=M .Suy ra:
(H+e(M))n(@—e(M))=M n(1—e)M . Hon
nira dung luat Modular ta chiing minh dugc
H =(1-e)M . Do d6 v6i moi
aceA(@d-e)aR= (1-e)M. Vay
(1-e)A<Rad(l-e)M.
(iv)= (i) V6imoi A<M , tir (iv) ta co
e=e’cEnd(M), e(M)< A néntacé
M=M ®&M,.Khido M, =e(M)<Ava
M, <A.Vi (1-e)A<M nén
(1-e)A<Rad((1-e)M)<Rad(M). Bay gio ta
can ching minh (1—-e)M N A=(1-€)A va
(1-e)M =M, . That vay, v&i moi
(l—e)ac(l—e)A,do e(M)< A néntaco
(l-e)a=a—-eac A.Laico
(l-e)ac(l-e)MNA =
(1-e)Ac ((1—e) M A). Tiép dén
vy e (1-€e)M M A ton tai
meM,aceA:(l-eim=a=m=em+ac A
Dod6é ye(l—e)A.Suyra
(@-e)M N A) = (1-e)A.Vithé
M,"A=_M.VayM lanang don.
(2) Gia st M la nang don, K 1a hang tir truc
tiép cia M. Véimoi L<K <M, viM lanang
don nén ton tai sy phan tich M =M, ® M, sao

cho M, <LvaM,nL=_M.Taco

M, ®&@(M,nK)=K va
LA(M,nK)=LNM, = _M . TheoBo d
(24)(2)suyra(M,nK)nL= K. Vaytada
chung minh dugc K 1a nang don.

Vi du 3.3. R0 rang médun nang la mot
moddun nang don.

Pinh nghia 3.4. M dugc goi 1a médun hong
néu moi moédun con thuc sy cia M 1a ddi cot yéu
trong M.

Pinh nghia 3.5. M #0 dugc goi 1a médun
dia phuong néu ton tai mot moédun con 16n nhat
khac M.

Ménh dé tiép theo ta cling chimg minh cac
dieu kién tuong duong ctia moédun nang don,
nhung la médun khong phan tich dugc

Ménh @ 3.6. Cho M 12 modun khac khong,
khong phan tich dugc. Cac diéu kién sau la tuong
duong:

(1) M 1a médun nang don.

(2) Moi mddun con thyc sy 1a d6i cot yéu don

trong M.

(3) Rad(M) 1a tong cua tit ca cac modun
con thyc sy cua M.

(4) Rad(M)=M hoac M la modun dia
phuong.

(5) M 1a nira hong.

Chirng minh :

()= (ii)) Vé6i moi N<M,N=M,do M
1a ndng don nén ton tai sy phan tich M =C®D
sao cho C<N,DNN = _ M. Do M khéng phéan
tich duoc nén C =0 hoic C =M . Ching ta chi
yM =N, C=0,D=M.
N=_M.

nén ta co Vay

(i) = (i) Pat E=)_1, véi I la céc
modun con thuwc sy cua médun M. Ta cé
E<M,E+M, theo (i) ta co
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E=,M=EcRad(M). Mit
Rad(M)cE, vi vay ta d3@ chang minh dugc
Rad(M)=E.

(iii) = (iv) Gia st Rad(M) = M . Khi d6

M 14 médun dia phuong.

khac

(iv) = (i) Hién nhién.

(V) = (iv) Néu Rad(M)=M thi chimg
ta c6 didu can chimg minh. Bay gio néu

Rad(M) = M thi Rad(M)1a médun con thyc sy
ctia M. Vi Rad(M) 1a modun con 16n nhat. Nén M
la m¢t modun dia phuong.

Céc dinh 1y sau day dua ra mot vai diéu kién
dé dam bao mot modun thuong ctia mdt moédun
nang don s€ la mot modun nang don.

Pinh Iy 3.7. (1) Gia st raing M 12 modun
nang don va X <M . Néu moi K 14 hang tir truc
tiép cia M, (X +K)/ X 1a hang tir tryc tiép cua

M /X .Khidé M/ X 1a médun nang don.

(2) Néu M 12 mddun phan phéi, thi M/ X
la médun nang don véi X <M.

(3) Cho
e’ =ecEnd(M).Khi d6 M/ X 1a nang don.

X<Mva eXc Xvé moi

Chitng minh. (1) Véi moi A/ X <M/ X,
suyraX <A<M. DoM la moédun ning don nén
ton tai M=K®K sao cho K<A va
A/K=_M/K.Vi (X+K)/X la hang tr tryc
tiép cia M/ X, nén (X +K)/K<A/X va
AI(K+X)= M/(K+X). vay M/ X 1la
modun nang don.

(2) V&i moi D 1a hang tir tryc tiép ctua M, ¢6
nghiala M =D@®D". Taco
M/X=(X+D)/X+(X+D)/X. Tacén
chimg minh (X + D)/ X n(X +D)/ X = X..
That vay véi moi
ye(X+D)/ X (X +D)/X, khido tdn tai
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deD,d eD saochod+X =d + X ,suyra
d —d e X. Do M 1a mddun phan phéi nén
X =(DI X)®(D nX) nén
d-d e(DI X)®(D nX),suyrayeX.
Khidé M/ X =(X+D)/X®(X+D)/X.
Theo (1) thi M/ X 1a mddun nang don.

(3) Hoan toan tuong tu nhu chiing minh &
(2). Vi eX < X voi moi €° =eeEnd(M) nén
(X+D)/ XN (X+D)/X=X.Khi d6 ta co
diéu phai chig minh.

Bo dé 3.8. Cho M 1a mot médun. Néu M 1a
nira hong thi khi d6 moi modun thuong cua M 2
ntra hong.

Chitng minh. B d& nay duoc chimg minh
de dang.

Cho M la mét moédun, M =@, M, M, la
cac modun con caa M. Néu N 13 mot mddun con

bat bién hoan toan cia M thi N =@®,_, (N " M,).

iel

iel

B6 dé 3.9. Cho M 1a mot modun ddi ngdu va
M =M, ®M, . Khi d6 M 1a modun nang don néu

va chi néu M, va M, 1a cac modun nang don.
Chiing minh : (=) Hién nhién.
(<) Giast M, va M, 1a cac médun nang
don. Véimoi K<M ,taco M =M, ®M,. Do

M 1a d6i ngiu nén ta co

K=M,nK)® (M, nK). Tt M;"K va
M, N K 1a médun con cia M, va M, . Lac d6
ton tai A, B, <M, saocho A <(M,nK)va
M, =A ®B, dé ma
B.Nn(KNM,;)=B nK=_ B va

A,,B, <M, saocho A, < (M, "K) va

M, =A ®B, dé
B,n(KnM,)=B,nK=_B,.Lucdo
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M=A®A ®B ®B, ADPA <K va Vay M 1a modun nang don.
(B,®B,)nKc(BnK)®(B,nK)=_ M, &M,
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