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Tém tat: Trong chuong trinh toan phd théng, phan thée hiru ty la mét trong nhirng khai niém co ban.
D3 co rat nhiéu dang toan vé day sb, déng thirc, bat dang thirc, phwong trinh, bt phwong trinh, hé
phwong trinh, hé bat phwong trinh,... lién quan dén cac ham sb dang phan thirc. Chinh vi thé, viéc ndm

bt cAc tinh chét ctia cac ham phan thirc va van dung dwoc tinh d&c tha clia céc biéu thirc phan thie da
cho dé giai cac dang toan nay la thyc sw can thiét. Bai bao nay dé cap dén mét Iép ham sb c6 cAu tric
d&c biét, d6 1a ham phan thiec chinh quy. Chirng minh dinh ly co ban vé gia tri nhé nhét cGia ham phan
thire chinh quy, déng thdi néu lén &ng dung cGia ham phan thirc chinh quy trong viéc gidi mét sé dang
toan thwéng gap nhw cac bai toan cuc tri, chirng minh déng thire, bat dang thirc. ..

T khéa: Ham phan thiec; ham phan thirc chinh quy; ham phan thirc chinh quy va ng dung; bat ddng

thtec; gid tri nhd nhat.

1. Ham phan thiere chinh quy mét bién [1]
Dinh nghia 1.1. Ham sb f(X)#0 xac dinh trén

tap R,
f(x)=> ax"
i=1

dugc goi 1a mot ham phan thic chinh quy néu

8,20, Vi=Ln
n
Zai(li =O
i=1
Vi du: Ham s6 sau day 1a ham phan thic chinh quy
7 2
fF(X)=3+2x+4x2 + X3+ —+ =
X x3

Nhégn xét 1.1. Vi moi ham phén thirc dang

g(x) = Z:a_ixo‘i 8,20, 1=12,.,n

i=1

théa man
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a+a,+..+a,=p
a,0L, +a,0L, +...+a,0, =0

(p>0)

_q
thi ham s6 f(X)=g(x)x ? 1a mot ham phéan thirc
chinh quy.
Chaing minh. Ta co

a
p

9,
f()=g(x)x P => ax
i=1
Laicé
[a%j(a%j[aﬂpj
= (a,a; + 8,0, +... +a,, )
—%(a1+a2+...+an) =0

Vay f(x) la mét ham phan thac chinh quy.
Tinh chat 1.1. Néu f(x) 1a ham phan thtc chinh
quy thi f(x)>0 véimoi X>0.
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Tinh chat 1.2. Néu f(x) va g(x) la cac ham
phan thac chinh quy thi voi moi cap s6 duong a, S,
ham s6
h(x) = of (x) + B9 (X)
cling lIa mot ham phan thac chinh quy.

Tinh chat 1.3. Néu f(x) 1a mot ham phan thac
chinh quy thi ham s
h(x)=[f(x)]", meN"

cling la ham phén thac chinh quy.

2. Ham phan thire chinh quy nhiéu bién [1]
Dinh nghia 2.1. Ham sb f(Xl, X ey Xn) duoc goi
ham phan thic

la mot chinh quy trén tap

R*xR*" xK xR™ néuné cé dang
m
% % Qin
FOG Xy X)) = DX X525,
i1

khéng dong nhat bang 0, trong d6 a; >0, i=12,...m
va

oy, +a,a, .. +a,a,, =0

Qa, +8,0,, .. +a,an, =0

o, +a,a,, +..+ao,, =0

Pinh nghia 2.2. Gia st f(X;,Xy,.., X,) 1& ham
phén thirc chinh quy trong Pinh nghia 2.1, khi d6 cac
ham s

fj(xj):;aixj“”, j=12,...n

dugc goi la phan thic thanh phan bién X; cua

f(Xg) Xy 00 X, ).
Vi du: Ham phan thac chinh quy
4 5 2 2 -2
f(x,y)=2x3y7 +2x3y7 +x3y7 co6 cac ham
phan thic thanh phan:

4 5 2
fi(x)=2x3 +2x3 +x3
-1 2 -2
L) =2y7 +2y7 +y7
pinh Iy 2.1. Ham s (X, X,,..., X, ) 12 mot ham
phan thac chinh quy khi va chi khi cdc ham phan thac
thanh phan caa f(X;,X,,..., X, ) ciing déu Ia cac ham
phan thuc chinh quy.
Dinh ly 2.2. Vi mdi ham phén thic chinh quy dang

m
f (X0, Xp e Xp) = DX X, 520X, VA V6

i=1

moi xe R"xR"xK xR™ ta déu  co
m

f (X0, Xg e X5 )2 D 8
i1

Ching minh. Van dung bat ding thtc trung binh
cong - trung binh nhan suy rong cho hai by sé duong

ﬁ Xi% ’]j Xi‘xzu 1---aﬁ XiO‘mi )
i=1 i=1 i=1

a,,8,,..,a,;

F (X3 Xp 000 X))
a, +a,+..+a,

ta co:

1

> (Xlil aai ngaiaiz ".Xn;aiain jal+az+...+am _ 1

Tir d6 suy ra

f (X0, Xg s X5 )= D

i1
Déu dang thic xay ra khi
X =X, =..=X, =1

H¢ quad 2.1. Voi méi ham phan thac chinh quy

f(Xl,x2,..., Xn) trentap R* xR™ xK xR™ tadéucod

min f (X, %,,..., X,) = f(11,....,1).

3. Mét s6 teng dung ctia ham phan thirc chinh quy

Céc két qua vé ham phan thirc chinh quy thu duoc
trong cac muc trén c6 thé tng dung dé giai cac bai toan
vé cuc tri, ching minh bét dang thec, ...
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Bai toan 3.1. Tim gia tri nhé nhét cua cac ham sé
sau trong mién cac bién duong

3 1 n2i-1
a) f(x)=x +2W+i§2\,/;
-n 1 1
b) g(X y) y XI'H—l _;’_ZxH—l .
i=1 |y
Gidi.a)Tacé
0 2i— (4|+2) (2|+3)
Z 2I Z
i=1l i=1
D2+l 2i+3
_E( 2I—1 2I J
5 5 7 2n+1 2n+3
=3-——+—-———+t—
2 2 22 2"t 2"
:3_2r12:3
nén
2n+3 & 2i-1
3- — — =0
2" .; 2'

Suy ra f(x) la mot ham phén thic chinh quy. Vay gia
tri nho nhat caa f(x) 1a

f(1)=2+zn:(2i—1)=2+n2

i=1

b) Taco
noo1 11
> = |-
=i+ T\ i+l
1 1 1 1 1
=l- -+t
2 3 n n+l
ot _n
n+l1 n+1
-n o1
nén + =0
n+1 %:i(iJrl)
_r
va n+2@=0

i=1 |
Suy ra g(X,y) la mot ham phén thirc chinh quy.
Vay gia tri nho nhat caa g(x,y) la

12

g1 =1+ zn:%
i=1

Bai toan 3.2. Cho a,b>0 va 1+l=1 Véi
P qQ

P, q >1. Chiing minh bét dang thirc sau

ab<d 2 )
P q
Gidi. Bat dang thuc (*) 13 rang ding néu ab=0,
do d6 ta chi can chiang minh (*) khi a>0 ,b>0.
Nhan thdy khi a>0 ,b>0 bit ding thic (*)

tuong duong vai

ia"‘lb‘1 + la‘lbq‘1 >1
p q
Xét ham
f(a,b) = Lapiptdape
q

Ro rang f(a,b) la mot ham phan thac chinh quy

ddi voi hai bién a,b vi

p-1 1_, (1 1}0
P d P q

-1.9-1_, (1 1}20
P q P q

Tir d6 suy ra

1 1

fab)z fay=—+-=1
p q

Vay bét dang thic (*) da duoc ching minh.
Bai toan 3.3. Cho X,y >0 Chung minh ring

7 3x? 12

Xty X3P

Gidi. Ta dua bai toan vé& dang phan thic chinh quy
dé ap dung cac tinh chat ciia nd. That vay bét dang thirc
can chimg minh twong duong vai

>-2

7x3y2 +3x°y ? +2x3y2 >12
Xét ham
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f(xy)=7x3y? +3x°y® +2x3y?
Nhan xét rang f (X, y) 1a mot ham phan thic chinh
quy hai bién vi
{7.(—3) +35+23=0
7.2+43.(-6)+2.2=0
Ap dung dinh Iy 2.2 cho ham phén thac chinh quy
f(X,Y), ta thu dugc
f(x,y)> f(L1)=12.
Vay bét dang thire da dwoc ching minh xong.
Bai toan 3.4. Cho a,b,cla ba sé thuc duong,
chirng minh rang

a) 2(a2+b2+c2)+i+i+i+izll
ab bc ca abc

5 0b%? c%a® 5 9c? a’b?
b)S=,|+—+—+,|5+—+

a®> 2 4 b2 2 4

5 9a’ b%? _3
+, ) —=+—+ >=./39
\/c2 2 4 2

Gidi. a) Xét ham s
f(a,b,c) =2 +b* +c?)
1 1 1 2
e
ab bc ca abc
D& dang kiém tra dwoc f(a,b,c) 1a mot ham phan
thie chinh quy, vay nén
f(a,b,c)> f(L11) =11
Déu dang thirc xay rakhi a=b=c=1.
b) Ap dung bét ding thirc Cauchy — Schwarz, ta cé

9 1J5 9b? c2a?_5 9 ca
Sto+—\ 5 t+—/—+ 2—+—+—

2 4Va? 2 4 Ta 2 4
9 1\/5 9c> a’h? _ 5 9c ab
S+—+—. |5 +— >2—+—+—
2 4\p® 2 4 b 2 4

9 1J5 9a®> b%? _5 9a bc
S54—+=.|5+—+ >—+—+—
2 4\c? 2 4 c 2 4

Cong vé theo vé cac bat dang thuc trén ta 6

NP

_+_
2 a b c

+%(a+b+c)+%(ab+bc+ca)

Dit g(a,b,c)=5(£+l+1j
a b c

+%(a+b+c)+%(ab+bc+ca)

Ta nhan thdy g(a,b,c) & mot ham phan thac chinh
quy, nén

g(ab,c)>g(LLl)= %

Hay szg\@.
DAu dang thae xay rakhi a=b=c=1.

4. Két luan

Bai bao di gidi thiéu mot 16p ham sé c6 ciu trdc
dac biét, d6 la cac ham phan thic chinh quy cung véi
céc tinh chit cua chiing, ddng thai néu 1én wng dung cua
c4c ham phan thuc chinh quy trong viéc giai mot sé
dang toan so cap thuong gap.
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REGULAR RATIONAL FUNCTIONS AND THEIR APPLICATIONS

Abstract: In the high school mathmatics curriculum, the notion of rational functions is one of the basic concepts. There are many
types of math problems about sequences, equalities, inequalities, equations, inequations, systems of equations, systems of

13



Nguyén Thj Sinh

inequations,... that are related to the rational functions. Therefore, it is really necessary to grasp the properties of the rational
functions and to apply the distinctive character of the given functions in solving these types of maths problems. This paper presents a
class of functions with special structures, which are regular rational functions. We have proved a fundamental theorem on the
minimum values of regular rational functions, and then gived some applications of the regular rational functions in solving a number of
common types of maths problems such as extrema, equalities, inequalities, ...

Key words: rational function; regular rational functions; regular rational functions and their applications; inequalities; minimum
value.
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