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Tém tat: Bai bao trinh bay vé viéc rng dung moét sb tinh chét cia sai phan trong viéc tinh téng

n
S, = Zuk ctia mét day truy héi tuyén tinh cdp k: U,,, =auU,,, ; +a&,U,,, , +...+3U, . Dudi cach

nhin cda | i thuyét sai phan thi s hang tong quat U, cia mét day sé dwgc xem nhw mét &n ham ctia moét

phwong trinh sai phan tuyén tinh hé s6 hang thuan nhéat. Viéc di tinh tdng cua day sé ban dau {u, }

dwoc dwa vé viéc gidi mot phwong trinh sai phan tuyén tinh, véi tng ctia déy chinh 1a mét nghiém riéng

clia phuong trinh nay. Phuong trinh d&c treng caa tdng day sbé {u,} duoc xac dinh thong qua phuong

trinh d&c trwng cda phwong trinh U, =&uU,,, , +&,U,,, , +...+ U, v&i sb hang tdng quéat U,

(ddng vai tro |a an). Pdng thi bai bao ciing trinh bay mot sé d& minh hoa cho phwong phap da néu.

Tir khéa: phwong trinh sai phan; tinh tdng; day truy hdi; chudi sb; Fibonacci.

1. D4t van dé

Bai toan di tinh tong cia mot ddy sé ludn 1a mot
chu dé tha vi khdng chi dbi vai gi4o vién va hoc sinh
khéi phé thong trung hoc. Vi du, ngay tir khi xuit hién
day sé Fibonacci thi ngodi viéc 1am thé nao c6 thé xéac
dinh dugc sé hang téng quét cua no thi viéc di tinh tong
cia nsb hang dau tién cua day sé nay ciing 1a mot cau
hoi thu hut dbi véi cac nha toan hoc cung thoi dai. Khi
nghién ciru sdu vé day s nay thi trén co s& xay dung
dugc phuong trinh ti [& vang (sau nay ta goi nd la
phwong trinh dic trung, s& duoc dé cap tai phan sau cua
bai viét nay) thi ngudi ta thu duoc gia tri cua mot
1+5

2
goi day 1a ti 16 vang va dé cho cac nghé si va kién tric
su bt dau tinh toan va xay dung sao cho c4c tac pham
cua ho Xap xi ti s vang nay (cac but tich vé ti I¢ vang
nay dugc tim thay trong qua trinh khai quat cac kim tu

nghiém chinh bing ~1.6, ma sau nay nguoi ta
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thap tai Ai cap). Hiéu ndm na, chang han nhu khi thiét
ké mot canh cira, mot & cua s6 hodc mot buc tranh thi
nguoi ta ¢ ging dé ti 1é giira chiéu dai va chiéu rong c6
gia tri gan (hoic) bang 1.6. Néu ta chii y mot san pham
cua tao hoa la guong mit cua nguoi phu nir thi rd rang ti
& trén 1am cho ching ta huéng téi véi mot anh mét vo
cung thién cam.

Ta dat van d& 1a liéu c6 mot phuong phap nao diy
dé ngoai viéc thoa man 12 mot phuong tién dé di tim sb
hang téng quat, hay tinh tng cia mot day sé (dwoc hiéu
theo nghia la tudn theo mot quy wdc dinh san) thi con co
thé cung cap cho giéo vién va sinh vién, hoc sinh mot
phuong phép c6 thé sang tac ra nhiéu bai toan lién quan
dén van dé néu trén hay khéng? Chii dé cua bai viét s&
cb ging dap (ng phan nao céc yéu cau da néu trén.

2. Co s& li thuyét va phwong phap nghién ciru
2.1. Co s& li thuyét

Pinh nghia 2.1 (xem [1,2]). Sai phan cap mét cua
f (i) dwoc ki hiéu la Af (i) va xdac dinh boi:

AF (i) = f(i+1) - f (i).
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Tuy tirng muc dich nguoi ta c6 thé lay ie; hoidc
i e ¢. Trong noi dung bai bdo nay ta chon ie¢. Vadé
tao sy nhéat quan vé mat ki higu, sau nay khi viét f, thi
ta hiéu la f (i).

Pinh nghia 2.2. Day u,,u,,...,U,,... dugC goi la day
truy hoi tuyén tinh cdp k, néu ton tai cac so

a,a,,..,4,,(a, #0) sao cho:
un+k = a:lun+k—1 +a2un+k—2 +ot a'kun (1)

Nhu vay trong day truy hoi tuyén tinh cap k thi mdi
s6 hang, dugc bat dau tir s thir ty thir k +1duoc biéu
dién qua dang k sb lwong phan tir ding trudc n6. D&
thdy ring mot day truy hdi tuyén tinh cap k dwoc xac
dinh mot cach duy nhét, néu nhu k phan tor dau tién
Uy, U,,...,u, cia ddy dugc cho truéc. Thuat ngi “truy
héi” dwoc xuat hién trong tiéng Phap “recurrente”. Thuc
té cho thay rang, dé tinh dugc cac phan tur (phia) sau cua
day truy hdi tuyén tinh thi ta can quay nguoc lai dén céc
phan tir dung trude do.

Vi du 2.1. P6i véi cap s6 nhan thi phuong trinh
(4.1) c6 dang u,,, =qu,,u, #0. Vi I& dy nén cip sb
nhan con dugc goi la day truy hdi tuyén tinh cip mot.

Vi du 2.2. Ta biét ring mét cap sé cong lubn cé dang
U, =u, +d, va nhu thé theo dinh nghia day khong thé
la mot day truy hoi tuyén tinh cap mot. Thé nhung tir hai
dang thac: u, +d vau,,=u,+d,

U, ta c6 dugc

U,,, =2U,, —U,. Nhu thé cap s6 cong con dugc goi la
ddy truy hdi  tuyén  tinh  cdp  hai
Ching ta hdy thir cling nhau kiém tra dy véi phan tir
tong quat u, = n®co la day truy hoi tuyén tinh cap ba hay
khong? Hién nhién u_ da cho théa man phuong trinh:

Ups = 3un-¢-2 =3Uy, + u,. (*)

n+1

Dudi cach nhin cua Li thuyét phuong trinh sai phan
thi mot day truy hoi tuyén tinh cap k chinh 1a nghiém
ctia phuong trinh sai phan tuyén tinh thuan nhét cap k
V6i hé s6 hang. Cho truéc k phan tir dau tién cua day
truy hoi twong duong véi viée cho trudc cac diéu kién
dau cua bai toan Cauchy cua phuong trinh sai phan. Li
thuyét nghiém cua phuong trinh sai phan tuyén tinh
thuan nhét véi hé s6 hang cho phép tim dwoc cong thirc

s6 hang tong quat cua ddy truy ho (xem [1-5]). Ta sé&
minh chang loi n6i trén théng qua vi du cy thé sau day.
Vi du 2.3. Tim c6ng thic sé hang téng quat cua
day Fibonacci (xem [1]):
u,,=U,,+U;u =u, =1

n+2 n+l

Lai giai. Phuong trinh ddc trung cia phuong trinh
trén c6 dang:
A2-2-1=0

va cho ta hai nghigm 4, :ﬁ, A, = 1+2*/§

nghiém tong quét cua phwong trinh di cho duoc biéu

dién bai:
el o]
2 2 |

Gia tri C,,C,duogc xac dinh théng qua cac gia tri

. Do d6

dau u, =u, =1. Ta c6 dugc hé phuong trinh:
c 1-5 .c, 1445
2 2
2 2
o[58 18]

1 1
Giai hé trén ta nhan duoc C,=——, C, =—.
RN
Nhu thé cong thic cua sb hang tong quat cua day
Fibonaci c6 dang:
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va con c0 tén goi la cdng thic Beni.

Trong bai b&o nay sé trinh bay phwong phap dé tinh
téng cua mot day truy hdi dang (1) va théng qua do, ta
c6 thé séng tac nhiing bai tap trong tu.

2.2. Phwong phap nghién ciru

Pinh 1i 2.1. Néu {u,} 1a m¢t day truy hoi tuyén

tinh cdp k thoaz man (1) thi day {S,}véi:

5= @
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1 mgt day truy hoi tuyén tinh capk +1.

Chitng minh. Hién nhién ta c6:

U, =S, =S,
va tir phuong trinh (1) ta ¢6 dugc:

Sk~ Snka =& (Shu = Sp2) +oo
+a., (Sn+l - Sn) +a (Sn - Sn—l)'
hay

Sok =@ +DS 1 +(8,—3)S,  , +-

+(a, —a,.,)S, — &S,

Trong hé thirc cudi ta déi n—1thanh n va nhan
duoc:

Sn+k+1 = (31 +1)Sn+k + (az _a1)8n+k—1 ..
+(a, —a,,)S,., —&,S,. (3)

Pay chinh 1a phuong trinh mé ta day truy hdi tuyén
tinh capk +1.

Dinh Ii trén c6 gia tri hét stc quan trong trong viéc
di tinh tong (2), bai 1€ @€ di xac dinh (2) ta chuyén veé
bai toan di giai phuong trinh sai phan thuan nhét cap
k+1 voi he sb hing (3).

Pinh |i 2.2. NéuP(A) Ia phwong trinh déic trung
cua phuong trinh (1) thi Q(A) =(A-1)P(1) la phuong
trinh dac trung cua phwong trinh (3).

Chirng minh. Hién nhién phuong trinh dic trung
cua (3) c6 dang:

Q(2) = A" (3 +1) 2" —(a, —a)A" " —...
(4)

(& —a,)A-a =0.

RO rang (4) c6 mot nghiém A =1, do d6 ta tién hanh
chia (4) cho (4-1) va nhan duoc:

Q) =(A-(A* —a it —a, 4 ?—..—a ) =0.

Bidu thac: P(A)=("-aA"-a,4* ~..-a) =0,
chinh la phuong trinh dac trung cua (1). T day ta co
diéu phai ching minh.

Vi du 2.4. [1, tr.2] DBé dé dang tiép can ta c6 thé
quay tro lai voi phuong trinh (*). Ta can di tinh tong
trong truong hop nay la:

36

n

s, =Yk )

n
k=0

Lai giai. Vi phuong trinh dic trung cua (*) la:
A*=31%+31-1=0
nén phuong trinh dic trung ddi véi S, 1a:
(A-1)(A> 342 +31-1) = (A-1)* =0.
Tu day ta co duogc:
S, =C,+C,n+C,n*+C,n’.
Véi n=0,S, =0, dodd C, =0.
Véin=1S, =1, tacédugc:C,+C,+C, =1.
V§in=2,S, =5, taco: 2C, +4C, +8C, =5.
Véin=3,8, =14, tacé: 3C, +9C, +27C, =14.

Két hop cac phuong trinh nhan duoc cho ta hé
phuong trinh:
C,+C,+C, =1,
2C, +4C, +8C, =5,
3C,+9C, +27C, =14.

Giai hé phuong trinh trén ta thu duoc:

1 1 1
C:2 :g,c:3 25,04 :é‘
Nhur thé
s =lnplpeylpe_ n+D@n+d)
6 2 3 6

va day 1a két qua quen thugc.
Vi du 2.5. Tinh tong:

S, :ansinka, aej.
k=0
Loi giai. RO rang sinna la nghiém cua phuong
trinh;
u,,, —2u,,cosa+u, =0
V61 phuong trinh déc trung la:
A% —2cosa+1=0

do d6 theo dinh 1i 2.2 thi S, 1a nghiém cta phuong trinh
sai phén véi phuong trinh dac trung 1a:



ISSN 1859 - 4603 - Tap chi Khoa hoc X& héi, Nhédn vdn & Gido duc, Tap 8, s6 4 (2018), 34-38

(A-1)(A* —2A4cosa +1) = 0.
Nhu thé S duoc xac dinh boi:
S, =C, +C,sinna +C,cosna.
Tu S, =0,S, =sine,S, =sina+sin2ata c6 dugc
hé phuong trinh:
C,+C, =0,
C,+C,sina+C,cosa =sina,
C, +C,sin2a +C,cos 2a =sina +sin 2.

Giai hé trén ta thu duoc:

_l+cosa C 1 l+cosa

Y7 2sing 2 2t 2sina
va nhu thé ta thu dugc:

_l+cosa
2sina

n

(1—cos na)+%sin na.

Sau khi bién déi ta nhan dugc:

. na . (n+Da
sin—=sin
2 2

S:

n

.o
sin—
2

Chiyrang S, =0khi a=2nz,ne¢. Tom lai:

. na . (n+Da
sin—-sin~——~—
2 , a #2n7,
S = .
n sin —
2
0, a =2nr.

Nhan xét 2.1. Trong vi du nay ta chua biét sinna
1a s6 hang tdng quét cua day truy hdi tuyén tinh nao, do
d6 ta can “nham” mot phuong trinh sai phan tuyén
thuan nhét véi hé sb hang dé cho sinna 1a nghigm.
Phuong phép nay dac biét hiru dung khi ta can tinh tong
ctia chudi ma da biét s6 hang tong quat.

Vi du 2.6. (Phét trién tir d& thi chon doi tuyén Viét
Nam thi Toan qudc té 2012, bai 4)*:

Cho day {u,} dugc xac dinh bai:

=4022u,,,—u, ,ne¥.

n+2

u, =1,u, =2011,u Tinh

téng cua:

n
Sy =D U
k=1

Lai giai. Trong vi du nay dang truy hoi tuyén tin

di giai phuong trinh déc trung twong tng 6 dang:

(A-1)(A2 -40224+1)u,_,, =0

va khi do:

S, =C, +C, (2011 + 21011030 +
C, (2011 - 2/1011030) .
Sir dung céac diéu ki¢n S, =1, S, = 2012,
S, = 8088442, ta dugc:

5
1457533, | ———
c 3821 o \ 202206 _ 7284041

1T 4020" ° 8 8040

5
. 1457533 /202206 7284041
= _

8 8040

ring

iCho day {U,} duoc xic dinh boi:
u, =Lu, =2011u,,, =4022u,,, —u,,n €¥. Ching minh

1 N+2

Uypp, +1 .
% 14 s6 chinh phurong.

va nhu thé:

h

cua diy{u,} dugc xic dinh, thé nén dé tinh tong S, ta
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g 3821
" 4020
1457533, >
202206 7284041 y
8 8040
(2011 + 2\/1011030)n -
1457533 5
202206 , 7284041 |

8 8040

(2011 - 2\/1011030)n .

Dua trén cac két qua dat dugc ta co thé dua ra
phuong phéap sang tac cac bai tdp nhu sau:

Buéc 1: Xac dinh sb hang téng quat u, cua
day{u, } 12 nghiém ctia phuong trinh sai phan tuyén tinh
hé s6 hiang nao?

Buéc 2: Giai phuong trinh sai phan tuyén tinh (can sir
dung kién thirc trong cAc tai ligu [1-5]) dé xac dinh u,, .

Bude 3: Thiét lap phuong trinh ddc trung cia S

thong qua Dinh i 2.2. tir d6 xac dinh dugc S, .

Budc 4: Str dung cac didu kién dau d6i voi {S,} dé
viét ra két qua cudi cung.

Ta c6 thé dé xuit mot vai vi du sau day:

Vi du 2.7. Tinh céc téng sau déy:

2019
Soote = Zcos S, _Z( 1) ksm

2019

S, = (k+1)3*cosk~.
k=0

Ghi ch 2.1. Céc kién thirc co ban vé phuong trinh
sai phan nhu: Giai phuong trinh sai phan tuyén tinh
thuan nhat, thiét 1ap phuong trinh dac trung, hé nghiém
co s6... ta co thé xem tai cac tai liéu [1, 3, 5]. Viéc phan
loai va giai quyét phuong trinh sai phan v6i hé sé hang
¢6 thé tham khao tai cac tai liéu s6 [2, 4].

3. Két luan

Trong bai bao di dua ra phuwong phap dé di tinh
tong cua mot day s6 véi s6 hang tong quét caa nd chinh
la nghiém cia mot phuong trinh sai phan tuyén tinh véi
hé s hang (hay con goi la day truy hoi). Khi d6 tong
cua didy nay dugc xay dung chinh Ia mot nghiém riéng
cia phuong trinh sai phan tuyén tinh hé sé hing véi
phuong trinh dac trung dugc tinh thong qua phuong
trinh dic trung cua phuong trinh véi sb hang tong quat
da cho.
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Sy = Z (-1 (k* -2k +3);
k=0

APPLYING PROPERTIES OF DIFFERENCES TO FIND THE SUM OF LINEAR
RECURRENCE SEQUENCES

n
Abstract: The paper presents the application of some properties of differences to find(calculate) the sum S, =Zuk of a

k=1
recurrence sequence of degree K: un,x =aUp k_1 +aUnk_2 +...+3Uy . In the Difference Theory, the n-th terms u,, of the sequence
is considered to an implicit function of a linear difference equation with constant coefficients. Taking the sum of the initial sequence
{u,} is taken to solve a linear difference equation, with the sum of the sequence is a partial solution of this equation. The
characteristic equation of the total of sequence {u,} is determined through the characteristic equation of the equation

Unik = &Unik—1 +@Unik_2 +...+axU, with the general term u,, . Finally,the article presented some illustrative examples.
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