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PHU'O'NG PHAP NEWTON NU'A TRO'N GIAI BAI TOAN TOI UU
CO PIEU KIEN “WATER-FILLING”

Duwong Xuan Hiép?, Phan Quang Nhu Anh®*

Tém tat: Trong bai bao nay, chang t6i nghién ciru phwong phap Newton niva tron dé giai bai toan téi wu
c6 diéu kién “water-filling”. DAu tién, ching t6i gidi thiéu bai toan téi wu water-filling - bai toan thuc té tw Ii
thuyét théng tin, d6 1a bai toan tdi wu dung lwong trong hé théng truyén thong véi nhiéu dau vao va
nhiéu dau ra (MIMO). Chang t6i nh&c lai khai niém dao ham Newton va mét sé tinh chat ctia né. Sau do,
ching t6i st dung cac diéu kién KKT dé dwa bai toan water-filling vé viéc giai bai toan tim nghiém cua
phwong trinh khéng tron. Chang téi nghién ctru tinh kha vi Newton ctia ham khéng tron dé. Tiép theo,
ching t6i 4p dung phwong phap Newton niva tron dé gidi phwong trinh nay. Sy héi tu tuyén tinh cta
phwong phap Newton nira tron cho bai toan dwoc chirtng minh. Cudi cung, ching toi trinh bay cac két
qua nghiém sé cho mét vai vi du cu thé.

T khéa: bai toan water-filling; diéu kién KKT; dao ham Newton; phwong trinh khéng tron; phwong phap

Newton ntra tron.

1. D4t van dé

Bai toan water-filling 12 bai toan thuc té tir Ii thuyét
thong tin. P6 1a bai toan téi wu dung lugng trong hé
théng truyén thdng véi nhidu dau vao va nhiéu dau ra
(MIMO). Nhiing hé théng nhu thé dugc dic trung boi
viéc sir dung nhiéu anten & may phét va méay nhan dé cai
thién hiéu suat. D& c6 mot md ta chi tiét, ching t6i chi
dén tai liéu [1, 2] va cac tai liéu tham khao trong tai liéu
d6. O day chung t6i gisi thiéu tdm tét bai toan nhu dwoc
phét biéu trong [2].

Theo [2], khi phan bé cong suét x, dén kénh i cua
c4c kénh truyén thong, thong tin dugc truyén boi hé
thong MIMO c¢6 thé dugc md ta boi tong ti ¢ truyén
thdng, tinh bai:

anlogz(lJr A),

trong d6, 5%la sai s6 trung binh cua tiéng on
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vax; 1a luong dién dugc giao, 4, mo ta sy giam xo6c va
c6 gia tri tir 0 dén 1. Bé don gian, cong thic trén co thé
duoc viét lai thanh:

log, (a; +X)—c.

Bai toan t6i wu hoa don gian nhu sau: chung ta
mudn phan bé cap ngudn cho cac kénh truyén thong dé
t6i da hoa tong ti 1& truyén thong. Chung t6i dinh
nghia X, 1 cong suat phat dwoc phan b cho kénh truyén
théng thae i. Ti

6 truyén théng cua né la
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log, (e +x).Cha ¥ ring a; ludn khong 4m. Hon nira,
ching toi gisi han tong sé luong dién ning bang 1, tuc
12 100%. Diéu nay dan dén bai toan:

Min—>"" log,(e; +X,) (1)

x>0,1x=1
Cha y rang:
f, () = —Zlog2 (e +%)
In a +x

-3 e

— In2
1 n
=——— > In(a, +X;
In2 ,Z:ll (e +)
Nén ta c6 thé dua bai toan (1) vé bai toan sau:
- n
Min—>"" In(q; +x,) 2
x>0,1x=1

Dé giai bai toan nay, ching ta chd y rang bai toan
thoa man diéu kién cua Slater. Do dé, chiing ta c6 thé ap
dung diéu kién KKT dé nhan dugc hé cac diéu kién rang

budc cho nghiém cua bai toan. Pé nhan duoc hé nhu
thé, dau tién chung ta xac dinh ham Lagrange:

L(x,A,0) = —anln(ai +% )= ATx+ o x-1).

Ap dung céc diéu kién KKT, ta co:

X 20, 1'x =1, 2 >0, A'x =0, i=1.,n,
VL(X*,/I*,U*)za—LZO,
OX
A >0
Ax =0
- +A =0 ,i=1..,n

Khi dé:

Néu v" <i thi A~
. 19

Néu v > = thi ﬂ,,*=u*—i va x; =0.

o G
Tom lai, ta c6:
1 .o« 1
—-a, khi v <—
. v o,
X =

0 khi 0" > L
o

hay:

X = Max{O,i*—ai}.
v

Két hop véi diéu kign D x =1, ta can x4c dinh

i=1

v’ tr phuong trinh:

ZMax{O——a} 1. 3)

=1

Nhu vay, viéc giai bai toan (1) tuong duong véi
viéc giai phuong trinh (3) theo nghia: néu nghiém cua
phuong trinh (3) tim duoc thi nghiém cua bai toan (1)
cling tim dugc va nguoc lai.

Chu y rang, phuong trinh (3) 1a khdng kha vi vi thé
cac phuong phap thong thuong nhu phuong phap giam
gradient, phuong phap Newton,... khong thé &p dung. Dé
giai nhitng phuong trinh khong tron nhu thé, gan day
nhiéu nha todn hoc da dé xuét cac phuong phap méi nhu
phuong phap Newton tron héa [9], phuong phap Newton
nua tron [8], phuong phap twa Newton nira tron [3],...

Trong bai bao nay, ching t6i 4p dung phuong phap
Newton nira tron dé giai phuong trinh (3). Bé cuc cua
bai bao nhu sau: dau tién, chiing toi nhic lai khai niém
dao ham Newton va mot sb tinh chit cia nd. Sau do,
ching t6i nghién ctu tinh kha vi Newton cua ham

1 3 .

khong tron F(x)= ZMaX{O ——q, }—1Vé su ton tai
i=1

nghiém ciia phuong trinh F(x)=0. Tiép theo, chung

t6i 4p dung phuong phap Newton nira tron dé giai

phuong trinh nay. Cubi cing, chdng t6i trinh bay cac

Kkét qua nghiém s6 cho mot vai vi du cu thé.

2.Dao ham Newton
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Pinh nghia 2.1. Cho U 1a mét tdp con mé cua R,
F:U — R 1a mot ham sb xac dinh trén U . Ham F
duoc goi 1a kha vi Newton tai x eU néu ton tai ham
G:U —>R thda
Iim| F(x+h)—F(X)-G(x+h)h| o
h—>0 [h|

Khi do, tanéi G la mot dao ham Newton cua F tai x.

Tu dinh nghia trén ta suy ra dao ham Newton cua
F tai mot diém l1a mot ham sb cha khéng phai 13 mot s6
thuc nhu dao ham cé dién.

Chay 2.1. Trong [5], c4c tac gid dd chi ra rang:

a) Pao ham Newton khdng c6 tinh duy nhat.

b) Néu ham sé F c¢6 dao ham cé dién lién tuc trong
(a,b) thi Fcing cé6 dao ham Newton tgi moi diém
trong (a,b) va F'cing chinh la mot dao ham Newton
cua F.

¢) Néu f,gla hai ham s c6 dao ham Newton tgi
X. Khi @6, cdc ham so Af,f +q, fg ciing ¢6 dao ham

Newton va mgt dao ham Newton cua chiing twong 1mg
nhdn diwoc nhw cong thire dao ham cé dién [5].

Dé giai (3), ta xét ham
F(x):ZMax{o,l—ai}—l. (4)
i-1 X

Khi d6, phuong trinh (3) twong duong véi phuong trinh:
F(x)=0,x=0. (5)
Trong phan tiép theo ching t6i xem xét tinh kha vi
Newton cua ham F cho bai (4) va su ton tai nghiém cua
phuong trinh (5).

3.Sw ton tai nghiém cta phwong trinh (5) va
dao ham Newton ctiia ham F

Pinh 11 3.1. Néu @, >0,Vi=1,..,n thi phuong trinh
(5) c6 nghiém duy nhit x™ > 0.

Chieng minh.

+) Néu x<0 thi F(x)=-1<0. Suy ra phuong
trinh (5) khéng cd nghiém am.

+) Trén (0, +o0), ta c6 F(x) lién tuc. bt

a=Min{e;,i=1.,n}; B=Max{e,i=1.,n}.

Chon x :i, X, :L. Ta co:
a +
F(x)=-1<0;

F(x,) = Zn:MaX{O,ﬂ-i-l—ai}—l

i=1

:Z;:{,B+l—ai}—l
:nﬂ—g{ai}+n—1> 0.

Do d6, F(x) c6 it nhat mot nghiém X" e (x,,X,).
+) Mait khac, F(x) don diéu giam trén (0,+w) Vi
F(x) la tong cua cac ham don diéu giam

g;,(x) = Max{oé—ai}, i=1.,n

Vay phuong trinh (5) ¢6 duy nhat mét nghiém x™ > 0.
binh Ii 3.2. Ham F(x) kha vi Newton Vx € (0, +o0)

vagidsir O<a, <a, <L <g, thi

n
—7, XE[O,

1

an
n-1  [1 1

an

Fo=1"

Chirng minh. bat fi(x):i—ai, i=1.,nva
X

g,(x) = Max{0,f, ()}, i =1,..,n.

Tacé
1 1
p— 2’X<_
g;(x) = ‘
0, x>i
Q;
Do
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O<a, <a,<L <a,
nén
1

1
0<—< <L <—.
an an—l 0!1

Suy ra

F09 =000

0, xe {iﬁooj
al
Nhén xét 3.1.

+) Néu x<- thi F'(x) <0.

]
+) Phuwong trinh (5) khong c6 nghiém X <0.
+) Trong truong hop tong quat, néu o, chi co k gia
tri khac nhau B, < B, <L < f, Véi chi s6 béi twong
ung la m,m,,..,m, thi bang cach dat

fi(x)zl—,b’i, i=1.,k
X
taco
F(X) =Zk:miMax{O, f.(x)}.

Suy ra

m+m,+L +m _,+m 1
_ 2 - k-1 k, XE[O,—j
X

m +m,+L +m,, X 1 1]
— S

F()=1" -

4. Phwong phap Newton ntra tron giai phwong
trinh (5)

Gia sir X" la nghiém ciia phuong trinh (5). Ap dung
Giai thuat Newton nura tron [8] cho phuong trinh (5), ta
nhan dugc giai thuat sau:

Piu vao: Gi trj ban dau x, eU (x*,g)

1.Cho k=0,12,...

2. Khoi tao vong lap

1

K1 = X _WF(XK)
K

3. Néu F (X)) #0 thi tiép tuc vong lap

4. Két thiic vong 1dp néu F(X,,)=0

5. Két thuc giai thuat.

Paura: x=limx, .

Su hoi tu coa giai thuét trén cho phuong trinh (5)
duogc dua ra trong dinh Ii sau:

Pinh 1i 4.1. Véi £>0 du bé, day {x} sinh boi
Gidi thudt Newton niza tron trén héi tu tuyén tinh dén
nghiém cua phwong trinh (5).

Chirng minh.

Gia st X~ la nghiém cua phuong trinh (5). Theo
chang minh ¢ Binh Ii 3.1, ta c6 nghiém

x| 2 ,i do d6 v6i r,>0 du bé ton tai
a,+1 o
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. 1 1 1
U(x ,rl) [a L alJ Tu Binh ly 3.2 suy ra —— = (x)

bi chan trong U(x ,rl).

Khi d6 ton tai M >0 sao cho

<M vXeU(x*,rl).

1 .
Xo F'( )F(Xo)_x
1

(%)(% =)~

% —x|=

(xO)—F(x*).

T
F kha vi Newton tai X~ nén ton tai 0<r, < L
2M
sa0 cho véi x, €U (X',1, ), taco
‘F’(xo)(xo—x*)—F(xo)—F(x*)‘<r2.|x0—x*|
Chon x, sao cho [x, —x'| <& véi e<min{r,r,},
taco
N 1 A 1 .
|x1—x |<M.m.|x0—x |<§|X°_X|
Do d6 véi x, €U (X',) qua giai thuat trén ta co
% eU(X,g).
Tuong tu ta co |xk—x*|<%|x0 X|—>0 khi
k—oo.
Do d6 day {x} sinh bsi Giai thuat Newton nia
tron trén hoi tu dén nghiém cua phwong trinh (5).

Hon nira, ta cé

*

|Xk+1_X

X =X )=F(x)-F(x)
)

Vay su hoi tu cua ddy {x} sinh bsi Giai thuat

|‘F xk

C|F(x
<M.|F (%) (% =X )=F (%) -F(x")
khi k — oo .

*

= o<|xk -X

Newton ntra tron trén 1a hoi tu tuyén tinh.

5. Mot s6 vi du
Vi du 4.1: Xét truong hop n=2, o, =1 a, =2.
Phuong trinh (5) tro thanh:
F(x) = ZMax{O ~—q }—1: 0.
=1
Béang sau liét ké cac budc trong vong lap Newton
nira tron voi X, =0,3.
Bdng 1. Cac budc trong vong lap Newton nva tron
cho Vidu 4.1 végi xo = 0.32

k Xic F F’

0 0.32 2.25 | -9.765625
1 0.5504 | -0.183139535 | -3.300982
2 0.49491968 0.041059753 | -4.082541
3 0.504977081 | -0.019712108 -3.92154
4 | 0.499950457 | 0.000396381 | -4.000793
5 | 0.500049533 | -0.000198112 | -3.999208
6 0.499999995 3.92561E-08 -4
7 0.500000005 -1.9628E-08 -4
8 0.5 0 -4
9 0.5 0 -4

Ching ta nhan duoc nghiém xap xi chi sau 7 vong
I3p. Biéu nay cho thiy su hoi tu nhanh cua phuong phap
Newton ntra tron cho phuwong trinh nay.

Vi du 4.2: Xét truong hop
n=4, o, =13, a, = 2.5, o, =37, o, =41
Khi d6 phuong trinh (5) tro thanh:
F(x) = ZMax{O = —a, }—1: 0.
i=1
Bang sau liét ké cac budc trong vong lap Newton
nira tron véi X, = 0.25

Bdng 2. Cac budc trong vong lap Newton nira
cho Vi du 4.2 véi xo = 0.25.
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k Xk F F’

0 0.25 35 -16
1 0.46875 | -0.166666667 | -4.551111
2 0.432128906 | 0.014124294 | -5.355171
3 0.434766412 | 8.56849E-05 | -5.290394
4 | 0.434782608 | 3.19189E-09 -5.29
5 | 0.434782609 0 -5.29
6 | 0.434782609 0 -5.29

Tuong tu nhu trong Vi du 4.1, & ddy phuong phap
Newton ntra tron ciing nhan dugc nghiém x4p xi chi sau
4 vong lap. Vi dy nay mot 1an nita cho thay tinh hiéu
qua cua phuong phap Newton ntra tron cho phuong
trinh (5).

6. Két luan

Trong bai bdo nay chung t6i nghién ciru phuong
phap Newton ntra tron dé giai bai toan lién quan dén
thudt toan water-filling. Pau tién, ching t6i gi6i thiéu
thuat toan water-filling. Sau d6, chung t6i sir dung cac
diéu kién KKT dé dwa bai toan cua thudt toan water-
filling vé bai toan co thé giai dugc biang phuong phép
Newton ntra tron. Chung t6i nghién ctu tinh kha vi

3 1
Newton cua ham F(X) =ZMaX{0,;—ai}—lvé su
i=1

ton tai nghiém cta phwong trinh F(x)=0.

Sau d6, phuong phap Newton nira tron dugc ap
dung dé giai phuong trinh. Sy hoi ty va téc d6 hoi tu bac
hai ctia phuong phap dugc chiting minh cho bai todn
ndy. Cac vi du s6 cho thdy, phwong phap hoi tu rat
nhanh. Chi véi sb vong lap rat bé, nghiém chinh xac c6
thé nhan dugc.
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SEMISMOOTH NEWTON METHOD FOR WATER - FILLING PROBLEMS
WITH SUM POWER CONSTRAINT

Abstract: In this paper, we investigate the semi-smooth Newton method for water - filling problems with sum power constraint.

Initially, we introduce the optimal water-filling problem -

the problem from information theory. It is an optimization problem in the

communication system with multiple inputs and outputs (MIMO). We also review the definition of Newton derivative and some of its
properties. Then we use KKT condition to transform water-filling to solve non-smooth equation. We study Newton differentiability of
non-smooth function in this equation. After that, we propose the semi-smooth Newton method for solving the non-smooth equation.
The linear convergence of semi-smooth Newton method is also proven. Finally, we present numerical solution in some examples.

Key words: water-filling problem; KKT condition; Newton derivative; nonsmooth equation; semismooth Newton method.



