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Tém tat: Trong Chwong trinh toan bac phd théng, cac bai toan vé bat dang thirc 1a cac dang toan khé
nhwng kha phd bién va thuwdng gap trong céc ki thi Trung hoc phd thdng, tuyé&n sinh dai hoc, thi hoc sinh

gidi toan qudc gia, Olympic toan khu virc va quéc té. Cé nhidu phwong phap khac nhau dé giai cac bai
toan nay, trong d6 phwong phap st dung tuyén tiép té ra hiéu qua va thwong dwoc st dung trong nhidu
trwerng hop. Trong bai bao nay, ching t6i dwa ra hwéng sang tao céc bai tap chirng minh bat dang thirc
&ng dung phwong trinh tiép tuyén va cé phwong phap giai cling nhw mét sé nhan xét gitip dinh hwéng
céach giai cho hoc sinh, dwa ra mét s vi du d& hoc sinh luyén tap. Tt d6 hoc sinh ndm rd dwoc ban chat
ctia mot sb bat ddng thire bang phwong phap dung tiép tuyén.

Tir khéa: dd thi 16i, 16m; tiép tuyén; bat ddng thirc; chirtng minh bat déng thirc; sang tao bt dang thirc;

phuong phép tiép tuyén.

1. Pt van dé

Bat dang thac 1a mot trong nhitng dang toan kho va
da dang trong chwong trinh toan hoc ph théng [1-4]. Rat
nhiéu hoc sinh khi thdy bai toan bét dang thuc trong cac
dé thi cam thay e so va bo qua nhiing bai toan nay. Trong
khi d6, c6 nhiing bai toan bat dang thic chi can ap dung
phuong phap don gian 1a c6 thé giai quyét duoc.

C6 rat nhidu phuong phép khac nhau dugc nghién
cru va giang day cho hoc sinh nhu phuong phap khao sat
ham s6, phuong phép sir dung phuong trinh tiép tuyén,
phuong phap sir dung cac bét dang thirc co ban nhu Bét
dang thic Cosi, Bat dang thirc ham 16i,...[5-8]. Trong s6
cac phuong phap do, phuong phap st dung phuong trinh
tiép tuyén (ta goi ngin gon 1a phuong phdp tiép tuyén) la
mot phuong phap don gian va dé s dung. Phuong phap
nay con c6 thé gilp gido vién sang tao ra nhiing bai toan
bt dang thirc méi mot cach dé dang.

Vé6i mong mudn tao dong luc hoc tap cho hoc sinh,
gilp hoc sinh dan dan yéu thich va dam mé viéc chimg
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minh bt dang thuc, trong bai béo nay ching téi nghién
ctru cach sang tao ra bat dang thuc wng dung tiép tuyén,
dua ra phuong phép giai va mot sé vi du. Viéc séng tao
ra cac bai toan mai vé bat dang thirc ciing 1a mot trong
cac ki nang can thiét va quan trong cho céc gido vién
khi tham gia ra cac dé thi trong céc ki thi trung hoc phé
thong quan trong nhu cac ki thi tot nghiép, cac ki thi
hoc sinh gioi cac cap, cac ki thi Olympic cap khu vuyc,
quéc gia, qudc té, ...

B4 cuc cua bai bao nhu sau: trong phan hai ching
t6i gidi thidu co so Ii thuyét duoc sir dung dé trinh bay
phuong phap tiép tuyén. Tiép theo, ching t6i dua ra
céch sang tao cAc bai toan bat ding thuc méi, phuong
phép giai va mot s6 vi du minh hoa. Pay 1a két qua quan
trong va c6 y nghia nhat trong bai béo nay. Cudi cuing,
chiing t6i trinh bay & phan bén mét sé vi du &p dung.

2. Co s& li thuyét

Trong bai b&o nay, ching ta luén gia st D la mot
tap con khac réng cua .

Dinh nghia 2.1. [1, Dinh nghia 1, trang 32]. (Ham
s mét bién) Mot quy tic twong tng f ditrtap D vao
i théa man véi mdi gia tri cia xe D twong tng véi
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mot va chi mot gia tri ye; dwoc goi 1a mot ham sé
thuc mot bién sé.

Khi 6, ta goi x 1a bién sé va y= f(x) 1a ham sb
cua X. Taphop D duoc goi la tap xac dinh caa ham sb.

Dinh nghia 2.2. [1, Dinh nghia 1, trang 34]. (P6
thi ham sé) Cho ham s y = f (x) xac dinh trén tap D.
D6 thi cua ham s6 f 4 tap hop tat ca cic diém
M (x; f (x)) trén mat phang toa do véi moi x thuoc D .

'B.inh ’nghia 2.3. [2, Dinh ’nghiarl, trang 151, 1 5?2].
(Tiép tuyén, phwong trinh tiép tuyén) Trén mat phang
toa do Oxy cho duong cong (C). Gia st (C) la db thi
cia ham s6 kha vi y = f(x) va Mg (X, f(¥))<(C).
Ki higu M (x, f(x)) Ia mot diém di chuyén trén (C).

a) Vi tri giéi han cia duong thing MM khi M di
chuyén trén duong cong (C) dan vé diém M, duogc goi
la tiép tuyén cua (C)tai M,. Khi d6, M, duoc goi la
tiép diém.

b) Phuong trinh tiép tuyén cua duong cong (C) tai
diem Mg (%o; F (%)) la:

y='(X)-(x=%)+ f (%)

Dinh nghia 2.4. [3, Pinh nghia 1, trang 25]. (Do
thi 16, 16m) Cho ham s6 y = f (x) lién tyc trén [a;b]
va co d6 thi 1a (C). Khi do,

a) Pb thi (C) goi 1a 16i trén (a;b) néu tiép tuyén
tai moi diém trong (a;b) cua ham s6 y= f(x) lubn
nam phia trén do thi (C).

b) Bo thi (C) goi la I6m trén (a;b) néu tiép tuyén
tai moi diém trong (a;b) cua ham s6 y= f(x) lubn
nam phia du6i do thi (C).

Dinh li 2.1.[4, Pinh |i Bezu, trang 196] Da thiic
P(x) c6 nghiém x = x, khi va chi khi P(x) chia hét cho

X—Xg.

3. Phwong phap sang tao va chirng minh bat
dang thirc trng dung phwong trinh tiep tuyén

Co so cia phuong phép sang tao va chimg minh bat
dang thuc sir dung phuong trinh tiép tuyén dua trén két
qua sau:

Dinh Ii 2.2. [3, Pinh |i 1, trang 25]. (Bdt ding
theec tiép tuyén)

Ki hieu D
(a;b), [a;b), (a;b], hodc [a;b].Cho ham s6 y = f (x)
lién tuc va cé dao ham cap hai trén D. Khi do,

a)Néu f"(x)=0,vxeD thi
f(X)=f'(x)(Xx=%)+ (%), V%% €D. (1)
b) Néu f"(x)<0,vxeD thi

f(X)< /(%) (x=%)+f (%), V%X €D. (2)

Pang thire trong hai bdr dang thirc trén xay ra
S X=X

la m¢t trong cac tdp hop sau:

T dinﬂh li trén, ta c6 trong truong hop e‘l), tiép tuyén
tai moi diém c6 hoanh do Xo thugc D déu nam phia
dudi db thi ham sy = f (). Tuong ty, trong truong
hop b) tiép tuyén tai moi diém c6 hoanh d6 Xo thuoc D
déu nam phia trén d6 thi ham sé y = f (x).

Dinh Ii 2.3. (Pinh li vé nghiém bgi va tiép tuyén)

a) Cho ham s¢ y = f(x) khd vi trong (a; S), lién

tuc trén [a; B], X € (a; B) va duong thang y = ax+b.

Néu ton tai ham s y = g(x) xdc dinh tai x, sao cho:

f(X) —(ax+h) = (x—x)“ g(x), 3)

v6i k=2 ke¥ thi dwong thing y=ax+b la tiép
tuyén ciia do thi hamsé y = f(X) tai X,.

b) Cho ham sé y = f(x) lién tuc trén [o; B], c6
dao ham dén cap hai trong (a; B), X, € (@; B). Khi do,
néu dwong thang y=ax+b 1a tiép tuyén cia do thi
ham s6 y = f(X) tai diém c6 hoanh dj X, thi ton tai

ham sé y = g(x) xdc dinh tai x, sao cho:

f (x)—(ax+b) = (x—%,)“g(X), véi k=2,ke¥.
véi diéu kien f(X)—(ax+b)=P(x).h(x) thea P(x) la
ham da thac va h(x,) = 0.

Chitng minh: a) Tir (3) ta cd: f(xy) =ax,+b (4).
Mat khac:
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f(x)—f(xo)

X=X
_ lim f(x)—(ax+b)+ lim ax+hb—f(xy)
X=X X=X

lim
X—)XO

X—>Xp X—>Xg

ax+b—(ax, +b
= lim (x=x,)*g(x) + lim 4):&.
X—>Xg X=Xy X=Xy
Nhu

c6: b= f(x)— f'(X)X. Do do6, phuong trinh tiép

vay: f'(x)=a Tir d6 va (4) ta

tuyén ciia d6 thi y = f(x) tai x, la:
y=T'"(X)(X=X%)+ f(X)=ax+Dh.
Ta c6 diéu phai chang minh.
b) Puong thing y =ax+b 1 tiép tuyén cua db thi
ham s y = f(x) tai diém c6 hoanh do X,

{f (o) =ax; +b o {P(Xo)-h(xo) =0
f'(%) = (ax +Db)’ P'(Xo)-h(Xg) + P(%p).h'(Xy) =0
P(xy)=0
{P,((X‘;)) _ Vi) %0
Vi P(x) la ham da thirc va P(X,) = 0 nén theo dinh
li Bozu suy ra:
P(X) = (x—X)-Q(x) = P'(x) = Q(X) + (X—X).Q(X).
Do P'(xg) =0 nén:
Q(Xp) =0=Q(x) = (x—X)R(X)

= P(X) = (x—%9)*R(x)
= f(x)—(ax+b) = (x—X;)?R(x) h(x)
= (x=%)" 9(x)
voi k=2 ke¥.
Ta c6 diéu phai chiig minh.
3.1. Phwong phép sang tao ra bat dang thirc
trng dung phworng trinh tiep tuyen
Dé sang tao ra cac bat dang thirc tng dung phuong
trinh tiép tuyén, ta thuong theo cac budc sau:
Buéc 1. Chon ramotham sd y = f(x) tuy y.
Budéc 2. Dung db thi hoic dung xét ddu dao ham
cép hai dé khao sét tinh 15i (I6m) caa ham sé y = f(x).
Tu d6, ta chon ramot mién D sao cho ham sb kha vi va

16i (16m) trén D, tac 13, tiép tuyén nam trén (dudi) dd
thi ciia ham so.

Buéc 3. Viét phuong trinh tiép tuyén tai cac diém
c6 hoanh d0 X=aq,X=ay,.x=a, (N€¥") thudc
D géan v6i n biénx,X,,..,X,. Tir do, ta co cac bat
dang thuc tuong tng.

Buéc 4. St dung bat dang thic trén véi cac bién
méi, cong cac bat dang thic trén va thém cac didu kién
lién quan dén diéu kién xay ra dau bang (néu can) dé
nhan duoc bai todn chirng minh bat dang thirc méi.

? Dé minh hoa cho phuong phap s:élng tag bai toan bt
dang thac st dung phuong trinh tiép tuyén, ching tra
xét mot truong hop sau: Gia st ham sé y = f (x) kha vi
va 16i trén tap D.

Khi do, cac tiép tuyén tai cac diém c6 hoanh do
X, =0, Xp =y, Xy = CU@hAM 86 y = f (x) ndm
dudi db thi, tic 13, ta s& ¢ cac bat dang thuc:

fxq)=f'(a)(—a)+f(ax);
f(x)=f'(a) (% —a)+ f(ay);
f (%)= () (X —a)+ f(axn).

MOt cach twong ng, dau bang xay ra khi

=0
X2 :az
Xp =Qy

Cong tat ca cac bat dang thirc trén theo vé ddng thoi
thém diéu kién lién quan dén cac bién x, X,,..., X, thoa
didu kién dau bang xay ra trong ting bat déng thic. Vi
du, ta dua ra diéu kién sau:

(o)X + () X+t T/ (0t ) X,
=f'(a)oy+ () +.+ T () .
Khi d6, ta c6 bai toan bat dang thirc méi:
f(x)+F(x)+ot+ (%)= f(n)+f(a)+..+ ().
hay f(x)+f(X)+..+f(x,)=C;Cej.

Cudi cung, ching ta phét biéu lai bai toan bét ding
thirc véi cac didu kién twong ung cua bién.
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Vi du 3.1 Xétham sé  (x) = —22—.
1-3x
Chiing ta tinh dao ham cap mét va cip hai:
f '()() :%; f "(X) :M;VX;tl_
(1-3x) (1-3x) 3

Duwa vao dau f "(x) thay:
1 " - X £ M ; Lo AA phas
X< 3 < f"(x) >0, (tiép tuyén nam phia dudi d6 thi)
va

X > % < f"(x) <0. (tiép tuyén nam phia trén dd thi)

Tiép tuyén tai x=1 la y=%x—;, nam trén do thi

ham s y:f(x),VX>1. Do d6: Ex—§2f(x); VX>1.
3 2 2 3
Déu bang xay ra khi x =1.

Ta thém vao hai bién nira,
1Z—EZ f(2); VZ>1. Dau
2 2 3
bang xay rakhi y=1 va z =1.

ta cling sé cO

1 3 1
Sy-Cef(y) vy > 2
Y52 T vy >3

Cong cac bat dang thirc trén, ta co:
fO)+f(y)+ f(z)s%(x+y+z)—%.

Va ta thém vao diéu kién lién quan cac bién:
X+y+z=3 (thoa didu kién diu biang xay ra khi
x=1Ly=1va z=1).

Tir d6 ta c6 bai toan bat ding thdc: Cho

1 . x S
XY, Z> éva thoamédn x+ y+z=3. Chitng minh rang:

2X 2y 2z
1-3x 1 3y 1 3z

Vi du 3.2. Xét ham sb (x) = +/x% +1.

Taco:

10

> 0;VX. Nhu

00 = ﬂw:ﬁ

X“+1
vay, moi tiép tuyén déu nam phia duéi d6 thi ham sé
y=f(x)=vx*+1.

oz f L 2 2 Lz .
- Tiep tuyen tai x=1: y= %x+§ va tiep tuyén

G\

tai x=-1: y———x+— déu nam phia dudi do thi
ham sé y=vx?+1 Do dé: V2 \/_

f(x)>—x+
Déu “=" xay ra khi x=1. Va f(x)>——x+— VX .

.2

Déu “=" xay ra khi x =—1.

- Ta thém vao ba bién nita, ta s& c6
f(x)>\/_x+£ f( )>_£y+£
f(z)>£z+‘/_ f(t)z—gug

Déu “=" xay rakhi x=1, y=-1, z=1t=—1.

Cong cac bat ding thic trén lai ta c6

f(x)+f(y)+f(z)+f(t)2%(x—y+z—t)+2«/§.

Va ta thém didu kién lién quan cac bién
X—y+z—-t=4 (thoa diéu kién déu “=” xay ra: khi
x=Ly=-1z=Lt=-1).

Tir d6 ta cé bat ding thic:

Cho x;y;z;tej ; X—Yy+z—t=4.Chang minh rang:

N +1+\/y2 +14VZ2 4142 41> 442,

3.2. Phwong phap chirng minh bat dang thirc
rng dung phwong trinh tiép tuyén
Trong phan nay, ta xem xét bai toan ching minh
bat dang thirc c6 dang:
f(x)+..+f(x,)=C

hoac f(x)+..+ f(x,)<C,

kém theo diéu kién cua cac bién x;, X,,..., X,

Pé chung minh céc bét ding thirc dang nay, trong
nhiéu truong hop, chiing ta ¢6 thé sir dung phuong phap
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tiép tuyén. Trong phan ndy, chdng ta s& trinh bay
phuong phap chting minh bat diang thic bang phuong
phap tiép tuyén.

Dé ing dung phuong phap tiép tuyén, ching ta thuc
hién theo cac budc sau:

Buéc 1. Dy doan diéu kién xay ra dau “=": gia sir
dau bang xay rakhi x, = o, Xp = @y, Xy = .

Buéc 2. Xét ham s f(x) trén D (ham f(x)c
duoc dya vao bat dang thic). Xét tinh 16i (16m) ham sé
y=f(x) trén D . Chay ring, ching ta phai chon tap
D sao cho ¢ €D,Vi=12,...,n vahamsd y= f(x)
16i hodc 16m trén D.

Buéc 3. Viét phuong trinh tiép tuyén cua do thi
ham sb6 y=f(x) tai hoanh  do

X =y, Xy =0y,... X, =a,. Duavao tinh 16i (18m) cua

diém c¢o

ham s6 dé co dwoc céc bét dang thire twong tng.

Buéc 4. Cong céac bat dang thic theo vé, két hop
dicu kién ta dugc dieu phai chixng minh.

1) Trong mét sé truong hop, do thi ham sé ¢ ca
khodng 16i, khodng 16m trén D nén ta vén cé trieong hop
tiép tuyén tai x, nam trén hoac ndam duéi d@o thi nhu

Hinh 1. Ter d6 ta ciing ¢6 dwoc danh gia:
f(X)=f (%)(x=%)+f (%), X €(ab)
hogc: f(X)<f (%)(X=%)+ f(X), X €(ab).

¥

=] »

Hinh 1. D6 thj ¢6 ca khoang lai va 16m
Khi d6, ngodi cach dimg Binh 11 2.2 (xét ddu y") chiing
ta c6 thé chumg minh déanh gid trén bang céch xét hiéu:

) k

f(x)—(f (%) (x=x0)+ f (xo)):(x—xo) g(x) ,
trong d6 g(X,)#0, k =2,k e¥ , vata sé kiém nghigm
dwoc g(x) >0, Vxe D hoac g(x) <0, VxeD.

2) Néu gap céc bar dang thize thuan nhat hodc dong
bdc ta nén chudn héa, tiry vao déic diém tirng bai ma ta
¢ céach chudn héa phu hop dé duwa vé dang dung bat
dang thizc tiép tuyén co ban.

Vi du 3.3. Cho a,b,c>0. Chirng minh rang:

2 2 2

(b+c) (a+c) (a+b) <6
(b+c—a)*+a® (a+c-b)*+b? (a+b-c)’ +c?

* Nhan xét :

Pay la bai tap bat dang thie dong bac. Véi dang
nay ta nén chuan hoa. Tuy vao dic diém tung bai ma ta
c6 cach chuan héa phu hop dé dwa bit dang thic vé
dang céc bién dugc ¢ lap dang:

fx)+..+f(x)>a
hoac  f(x)+..+f(x,)<a.
Sau khi dua vé dang bét ding thuc nhu trén, ta doan

duoc diu “=" xay ra khi a=b=c==. Do d6, ta xét

Wl

phuong trinh tiép tuyén cua dd thi ham sb y = f(x)tai
x:% (c6 phuong trinh lay=2). Vi do thi ham sb
y = f(x) c6 khoang 16i va khoang 16m trén R nén ta c6 thé
xét f (x)—2 theo nhu Chu y (1) dé ching minh bai toan.
Giai. Ta c6 vé trai cua bat ding thuc 1a cac biéu
thiac cung bac, khéng mét tinh tdng quat, gia sir
a+b+c=1. Bat ding thic can chimg minh tré thanh :

(1-a)° (L-b)’ (L-c)

2 2 2 36'
(1-2a)"+a® (1-2b)°+b® (1-2c)" +c?
véi a,b,ce(0;1).
Xét ham sb:
2
1- 2_
f(x)= (=) _ X o2x+1 vx e (0;1).

- (1—2x)2 wx2 5% —4x+1’

Khi d6, bt dang thic tro thanh:

11
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f(a)+f(b)+ f(c)<6,vsi a,b,ce(0;1).

Tacoh:
2
X°—2x+1
f(x)-2=———-2
( ) 5x? —4x+1
—9x2 1 —(3x-1)
_orexl (XY g vye(0u).
5x° —4x+1 5x°-4x+1
Suy ra:

f(a)+f(b)+f(c)<2+2+2=6,

v6i moi a,b,c €(0;1). Dau “=” xay ra <:a=b:c=%.
Vay ta c6 diéu phai chirg minh.

4. M6t s6 vi du

Trong phan ndy, ching téi trinh bay mot sb vi duy,
¢6 nhirng vi du dugc tao ra theo phwong phap duoc trinh
bay & Muc 3 va ciing c6 nhitng vi du nam trong dé thi ¢
cap trung hoc phé théng.
a. Bai todn mei

Vi du 4.1. Cho x,y,z>% thoa mdn x+y+z=3.

Ching minh rang:
2X 2y 2z
+ + <
1-3x 1-3y 1-3z

* Céch sang tao bai toan: di trinh bay & Vi du 3.1
trong Muc 3.1.
* Nhan xét: Trong vi du ndy, ching ta nhan thay

diu “=” xay ra khi x=y=z=1, va béat ding thic

tuong duong véi viéc ching minh
. 2X 1

fO)+f(y)+f(z)<=2, véi f(x)= ,Xx>=.Do
00+ f )+ (2) (=73 %> 3

d6, ta xét phuong trinh tiép tuyén cia do thi ham sb
y = f(x) tai x=1vaép dung Dinh li 2.2 d ching minh.

Giai: Xét ham sb: f(x):i,x>1.Tacé:
1-3x 3

£ (X) =, £ (X) =2 <0, x>1.

(1-3x) (1-3x) 3

Ap dung Binh 1i 2.2 ta c6:

12

2x S%(X_l)JFA 2x 1,3
1-3x  (1-3.1) 1-31  |1.3x 27 2
2y < 2 ( _1)+ 2.1 - 2y gly_g.
1-3y  (1-3.1)2 1-31 " |1-3y 2~ 2

2z 1 3
2z S—Z (z—1)+—2'1 <zz-=
1-3z  (1-3.1) 1-3.1 1-3z 2 2

Cong cac bat ding thic trén theo vé, ta nhan duoc:

2X 2y 22
+ +
1-3x 1-3y 1-3z

1 3
<=(X+y+2)-3.—=-2.
2( y+2) >

Déu“="xayra <x=y=z=1.
Vi du 4.2. Cho
X— Y+ 2z —t = 4. Chirng minh rang:

N +1+\/y2 +14VZ2 4142 41> 442,

* Céch sang tao bai toan: da trinh bay & Vi du 3.2
trong Muc 3.1.

XY, Z,te] théa man

*Nhan xét: Trong vi du ndy ta nhan thiy diu “="
xay ra khi x=1,y=-1z=2Lt=-1 va bat dang thic

tuong duong v6i f(x)+ f(y)+f(z)+ f(t)>4V2, voi

f(x)= VX2 +1 nén ta xét phuong trinh tiép tuyén cua
dd thi hs y=f(x) tai x = 1 va tai x= -1; 4p dung Dinh Ii
2.2 dé chig minh nhu bai giai.

Gidi. Xétham sé f(x)=vx2+1.Suyra

- £ =

. 1
o ]

Ap dung Binh 1i 2.2:

f'(x) =

f(x)2—2x+—2

2 2

F(0) > FQ(x-1+ Q) 5 3
)2 Dy f(-y |25y
= .

f(2)> f'Qz-1)+ Q) a2, 2
f(t)> f(-D)t+D)+ f(-D) @)z—-2+—
f(t)z—ﬁt+g



ISSN 1859 - 4603 - Tap chi Khoa hoc X& héi, Nhdn vdn & Gido duc Tap 9, s6 2 (2019), 7-16

Cong céc bat dang thic trén theo vé, ta nhan duoc:

N

f)+f(y)+f(2)+ f(t)272(x—y+z+t)+2\/§=4\/§.
Dau“="xayra <o x=z=Ly=t=-1.
Vi du 4.3. Cho x,y,z la céc s6 thuc khéng &m va
X+ Y+ 2z =1. Chiing minh rang:

14352 +§/1+3y2 + 314322 > 3%/%.

* Cach sang tao bai toan: Xétham sé f(x) = J1+3x%.
Ta co:
_ 942
f‘(X) _ 2X : 2-2t

(1) =
3 (1+ 3x2)2 3 (1+ 3t )5

>0,Vte(0;1).

Nhu vay, moi tiép tuyén déu nam phia duéi do thi

ham sé y = f (x) = 31+ 3x°.

i : . 1
Ta xét tiep tuyen tai x=§ c6 phuong trinh

3
y= ﬁ(x—ij i/g Vi c4c tiép tuyén nim phia dudi
6 3 3
b thi ham s y =3/1+3x? nén
3
36 1 4 s . 1
f(X) >——| x—= |+3/—. (Dau bang xay ra khi x==
() 6( 3} 3( g xay 3)

Ta thém vao hai bién nira, ta s& co:

f(X) zgﬁ(x—lj+i/z ;
6 3 3

f(y)2336(y—ij+3f.;

6 3 3

3
f(2) zﬂ(z—i}ﬁf.
6 3 3

Déu “=" xay rakhi x=y =12 =%.
Cong ba bat dang thirc cudi cing theo vé, ta co

f(x)+ f(y)+ f(Z)Z@(X*— y+z—1)+3§/§.

Tur d6, ta thém diéu kién lién quan cac bién:
X+y+z=1 (thoa diéu kién dau bang xay ra khi

1
X=y=2=2>).
y 3)

Tir d6 ta c6 bai toan bat dang thirc: Cho x,y,z 1a
céc sb thuc khong &m va x + y +z =1. Ching minh rang:

$r+3x2 +§/1+3y2 + 314322 23?/%.

*Nhan xét: Trong vi du ndy, ching ta nhan thay

dau “=” xay ra khi x= y:z:% va bat dang thic
tuong duong vai
4
fx)+f(y)+f (2)233/;,
voi f(t)=1+3t%,vte[0;1]. Do d6, ching ta xét
phuong trinh tiép tuyén cia do thi ham sé y = f (x) tai
X :% va 4p dung Dinh 1i 2.2 ¢é ching minh nhu bai

giai dudi day.
Giai. Xét ham sé:

f(x)= 31+3X2,VX6[0;1].

Ta c6:
f(x)= 2x VA
3(l+3x2)
2
£ (1) =222 50, vxe[0]
5
3(1+3x2)

Ham sb da cho 1a 15i trén tap khao sat. Ap dung
binh li 2.2:

e Bt
B2
(B3

Cong ba bat dang thirc nay theo Vé, ta duogc:

13
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f(x)+ f(y)+f(2)

> f(%j(x+y+z—l)+3f (%j=3§/§

A s 2 1

Dau “=" xay ra <:>x=y=z=§.

Vi du 4.4. Cho hai s6 thyc duong x, y thoa
X+ Yy = 2.Chang minh rang :

2 2
2x°+1 N 2y +1 >3
¢ —x+4 \/yz—y+4
* Céch sang tao bai toan:

2x% +1

\/xz—x+4.

Db thi ham dugc minh hoa & Hinh 2.

Xétham sé f(x) =

-3

Hinh 2. Po thj ham s6 f(x)

Tir d6 thi ham sb nay, ta thdy: x € (0;2) thi d thi
I6m (tiép tuyén nam phia dudi do thi). Tiép tuyén tai
x=1 la y= 29 X _S

16 16

y = f(x),Vxe(0;2). Do do:

nim dudi d6 thi ham sé

29 5
f(X)>—x——; ¥xe(0;2).
(x) TRET €(0;2)

DAu “=" xay ra khi x =1.

14

Ta thém vao mot bién nita, ta ciing s& co
29 5 ( .
fy)2—y——; VYye(0;2). Dau “=" xay ra khi
v) TRAET I (0;2) y
y=1.
Cong cac bat ding thic trén, ta co:

f(x)+f(y)zi—§(x+y)—g; vx € (0;2).

Va ta thém vao diéu kién lién quan cac bién:
X+y=2 (thoa diéu kién diu bang xay ra khi
x=1y=1).

Tir d6 ta c6 bai toan bat ding thic: Cho hai sb
thuc dwong x, y thoa x+y = 2. Chang minh rang:

2 2
2x°+1 . 2y°+1 53
W —x+4 [y’ —y+4
* Nhén xét :

Ta doan dugc diu “=" xay ra khi x=y=1. Bét

dang thic trén twong duong véi f(X)+f(y)=3 véi

2x% +1

AN

; Vxe(0;2) nén ta xét phuong

2
trinh tiép tuyén cua f(x)= _ XAl tai x=1c6
VX2 —x+4
dang y= N .
16 16

2
&—(gx—ij, Vxe(0;2) (1) theochiy 1
x2—x+4 \16 16
dé chtrng minh bai toan.
Giai. Ta xét hiéu:

2x% +1 _(29X—2J,VX€(O;2)- *)

X —x+4 \16 16

0<xsi thi @ 5<0 va

+ Néu X——<
29 16 16

2x% +1

VX —x+4

+ Néu 3<x<2thi
29

>0; Vxe(0;2), do d6 (*) hién nhién dung.

H Zx-21>0

2x2 +1 (29 5)
16 16) '

X2 —x+4
do do:
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2x° +1 (Q _3]
x2—x+4 \16 16

(2x +1) _[29 5)2

_X-x+4 \16 16) [32)
2x° +1 (29 5)' 29
¥ -x+4 (1616

16(2¢ +1)2 ~(29%-5)"(x* - x+4]

= > 20,VX6[2—59;2)
162(x2—x+4)[zx+1+(29x—5)]

x-x+4 \16 16

(x-1)" (183" +1497x+156)

= > ZO,VXe(%;Zj.
e |

x2-x+4 \16 16

Vivay, (*) dung.

2
Viy &zgx—i, vxe(0;2).
x2-x+4 16 16

2y? +1 29,5

Tuong ty ——=>—y-—, Vye(0;2).
Ve _y+a “167 716
Do do
2x2 +1 2y? +1 29 5
+ —(x+y)-==3,
U -x+4 |y’ —y+4 “16 8

v6i hai s6 thuc duong x, y thoa x+y = 2.

Déu “="xdyra < x=y=1.
b. Mt s6 bai toan trong cac dé thi

Vi du 4.5. Cho a,b,c,d 1a c&c s6 thuc duong sao
cho a+b+c+d =1. Chang minh ring:

6(a3+b3+c3+d3)2(a2+b2+c2+d2)+_

(Trich dé thi France-2007)
*Nhan xét : Chung ta doan dugc dau “="xay ra khi

1 . .. .
a=b=c= 7 Bat dang thac trén tuwong duong voi

f(a)+ f(b)+f(c)+f(d)2

véi f(x)=6x°

®©| =

—XZ,VXe(O;l). Do d6, chiing ta xét
phuong trinh tiép tuyén ctua d6 thi ham sé f(x) tai

X = %, ¢6 phuong trinh y = % Vi d thi ham sé co

khoang 16i va khoang 18m trén | nén ta c6 thé xét

f (X)_Sx—l

Giai. Xétham sé: f (x)=6x%-x*,vx (0;1).

nhu Cha y 1 dé chimg minh bai toan.

Bat dang thirc can chirng minh tré thanh:

f(a)+ f (b)+ f(c)+ f (d)z%.

Taco:

>0,vx e (0;1).
Suyra: f(x)= Sx_l,VXe(O;l).
Do do,
f(a)+ f (b)+ f (c)+ f(d)2 5(a+b+8“d)‘4 -2

Diu “=" xay ra eazb=c=d=1,

Vi du 4.6. Cho a,b,c >0.Chiing minh rang:
1+J_<a +b? +c? )(1+1+1)
33 a b c
>a+b+c+ya®+b%+c?.
(Trich dé thi Albania 2002)
* Nhan xét: Pay la dang bai toan bat dang thic c6

dang thuan nhat. V¢i dang nay, ching ta nén chuan héa
dé dua bat dang thirc vé dang:

fOq)+...+ f(x)=a hoac f(x)+..+f(x,)<ea.

Ching ta thidy rang ding thac xay ra khi

a=b=c= én ching ta xét tiép tuyén tai x =

NG

15
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cia dd thi ham séf(t):%.}—t,0<t<lvé ap
33t

dung DPinh i 2.2.
Giai. Vi bat dang thuc da cho la bit ding thic
thuan nhat nén ta chi can chung minh bét dang thuc
dang v6i moi s6 thuc duong a,b,c thoa a® +b? +c? =1.
Khi d6 bat dang thac trén trg  thanh:

f(a)+f(b)+f(c)>1 voi
f(t):%,}
W3t

- 2(1+ J§)
Ta co: t)=——5—=
O=-—ze

Ap dung Binh i 2.2, viét phuong trinh tiép tuyén
1
NG
f(a)+f(b)+f(c)

> f(%j(a+b+c—\/§)+3f [%)

" f'[%j<0

a+b+c< 3(a2+b2+c2):J§

-1, 0<t<l.

>0, vt e(0;1).

tai X =—= (xem Vi du 4.1) va cong vé theo vé ta co:

L

nén f(a)+f(b)+f(c)>3f (ﬁ

j =1. Ping thirc xay

ra <:>a:b:c:i.

&

5.Két luan

Két qua chu yéu cua bai bao nay 1a s dung tinh
chat ctia phuong trinh tiép tuyén ddi voi ham 16i va ham
16m dé sang tao va dua ra phuong phap giai ddi véi mot
s6 bai toan bat dang thirc. Bai bao ciing da trinh bay mot
sb vi du minh hoa vé céch sang tao va cach giai mot sé
bai toan cu thé. Céc vi du duogc ldy tir cac dé thi hoc
sinh gioi cua mot s6 nudc trén thé gigi cho thay tinh
hiéu qua va kha nang ap dung cta phuong phap duoc
nghién cuu.
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APPLICATION OF TANGENT EQUATIONS
TO CREATIVE AND PROVE SOME INEQUALITIES

Abstract: In high school math program, inequality problems are difficult but rather common and are often taken in high school
exams, university admissions, national math competitions, regional and international math Olympic competitions. Among several
ways to solve these problems the tangential methodis far effective and often applied in many cases. In this paper, we recommend
some ways to create exercises proving inequalities by using the tangent equations, help students find solutions as well as give some
examples to practice. Based on the comments, students clarify the nature of some inequalities by using tangential methods.

Key words: convex (concave) graph; tangent; inequality; solve inequalities; inequality creation; tangential methods.
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